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Rigid inner forms of p-adic groups 



Abstract 

We define a new cohomology set H^ {u —> W, Z ^>- G) for an algebraic 
group G defined over a local non-archimedean field of characteristic zero 
and a multiplicative finite central subgroup Z, which is an enlargement 
of the usual first Galois cohomology set of G. We show how this set can 
be used to normalize the Langlands-Shelstad endoscopic transfer factors 
and how this implies a conjectural description of the internal structure of 
L-packets for connected reductive p-adic groups. 



(^ ' 1 Introduction 

(N' 

u 

^1^' Given a field F with separable closure F**^? and absolute Galois group F = 

■^ . Ga\{F'^'^P / F) , and an algebraic group G defined over F, one can define the 

first Galois cohomology set H^iT,G) := iJi(r,G(F=^P)). This set has a vari- 
ety of applications, a central one being the classification of connected reductive 
groups defined over F. Such a group G" is classified up to isomorphism by 
two pieces of data. It is known that there exists a unique up to isomorphism 
quasi-split connected reductive group G defined over F which admits an iso- 



Pm . morphism S, '■ G ^^ G' defined over F^^P and having the property that for any 

r~| ' (T G F the automorphism ^~^ct(^) of G is inner. Then a i->- ^~^cr(^) provides 

"t^ . an element of ii?^(F, Aut(G)) and this is the first piece of data that determines 

the isomorphism class of G' . The second piece of data is a linear algebraic ob- 
ject with F-action, called a root datum. The isomorphism classes of root data 
are in bijection with the isomorphism classes of quasi-split connected reduc- 
tive groups defined over F, and thus the group G corresponds to a unique 
isomorphism class of root data. 



This classification of connected reductive groups enters into the study of the 



^f^ \ Arthur-Selberg trace formula and its stabilization, the local theory of which is 



intimately related to the local Langlands correspondence. In this setting, F is 
(^ \ a local field of characteristic zero and G" is a connected reductive group de- 

fT^ ■ fined over F. The local Langlands correspondence is a conjectural relationship 

between the isomorphism classes of irreducible admissible representations of 
the topological group G'{F) and objects closely related to representations of 
the Galois group F. More precisely, one defines a complex connected reductive 
group G with F-action, and forms the i-group of G, which is the semi-direct 
C^ . product ^G — Gyt Wf of G with the Weil group Wf of F. A Langlands param- 

eter is a continuous semi-simple homomorphism ^p : Wp x SU2 -^ ^G which 
commutes with the projections of both sides to Wp- Such a homomorphism is 
called tempered if its image is bounded. Each tempered Langlands parameter 
is expected to correspond to a finite set of isomorphism classes of tempered ir- 
reducible admissible representations 11^ of G'{F), and these sets are expected 
to be disjoint and exhaust the isomorphism classes of tempered representations 
of G'{F). The Galois cohomology sets enter when one tries to describe the in- 
ternal structure of the sets 11^ , as well as certain character identities these sets 
satisfy. Namely, all groups G' that share the same quasi-split inner form G have 
the same i-group and hence the same set of Langlands parameters. A given 
Langlands parameter cp then provides a set 11^ for each inner form G' of G and 
in order for these sets to interact well with the stabilized Arthur-Selberg trace 
formula, they must admit a parameterization in terms of the group ^G. The 



group G encodes by its very definition the root datum of G. Thus one should 
at least be able to describe the set 11^ for the quasi-split group G. Indeed, there 
is a very precise conjecture pertaining to that. First, Shahidi's tempered L- 
packet conjecture llSh90[ §9] states that for a fixed Whittaker datum ro = {B, ip) 
of G the set 11^ should contain a unique ro-generic representation. Second, if 

we let S^p denote the centralizer in G of the image of ip, it is expected that there 
exists a bijection 

in, : lrr{MSjZ{df)) ^ H^, (1.1) 

where the left hand side is the set of isomorphism classes of irreducible repre- 
sentations of the finite group TTo{Sip/Z{G)^). This bijection however should not 
be arbitrary. It should send the trivial representation to the unique in-generic 
constituent of H^ and should moreover provide certain character identities 
that tie H^ with the stabilization of the trace formula. This conjecture has been 
establis h ed for F = M by Langlands and Shelstad ILan73L IIShe79L llSheSlI , 
IShe82l , ISheOSI and for a finite extension F/Qp by Arthur lArtllll when G 
is quasi-split symplectic or special orthogonal group. Important for both the 
statement and the proof of the conjecture is the fact that the same datum that 
is used to fix the bijection l|l.Hl , namely the Whittaker datum, can also provide 
a normalization of the endoscopic transfer factors. 

The situation for groups G' which are not quasi-split is more subtle. To spec- 
ify such a group, one needs in addition to the root datum that specifies its 
quasi-split inner form G also an element of the image of if^(r,Int(G)) -^ 
H^ (r, Aut(G)). It was shown by Kottwitz IKot86ll that the L-group ^G encodes 
the set H^ (F, Int(G)), in the sense that there is a canonical bijection from this set 
to the Pontryagin dual of the finite abelian group Z{GscY ~ the F-fixed points 
of the center of the simply-connected cover of the derived subgroup of G. This 
result suggests that, before the set li'^ can be parameterized in terms of ^G, it 
is necessary to equip the group G' with an additional datum - an element of 
H^{T, Int(G)) which maps to the element of H^{T, Aut(G)) determining G'. In 
this way, one arrives at the notion of an inner twist, which is a pair (G', ^) with 
^ : G — ?> G' as above. This notion is a first refinement, or rigidification, of the 
notion of an inner form. The set of inner twists of G up to isomorphism is clas- 
sified by iJ^(F,Int(G)) and Kottwitz's result describes this set as the abelian 
group dual to Z{GscY ■ One can now try to formulate a conjectural bijection 
similar to l|l.ll l in terms of a variant of S^p involving Gsc- However Vogan 
|Vog93| and Arthur [' Art06l observe that such an attempt cannot be success- 
ful. Arthur's point of departure is the fact that on a non-quasi-split group G' 
the endoscopic transfer factors have no natural normalization and this makes 
it impossible to state the endoscopic character identities. Since those are in- 
timately tied with the internal structure of L-packets, one also cannot hope 
to parameterize that structure. Fie suggests that to resolve this problem, one 
can conjecture the existence of two sets of functions - the spectral transfer fac- 
tors A((p,7r) and the mediating functions /9(A, s). These functions take away 
the problem arising from the lack of a natural normalization of the endoscopic 
transfer factor by incorporating all possible normalizations. Shelstad ISheOSI 
has been able to show that such functions indeed exist when the ground field 
is R. The existence of these functions for p-adic fields is currently not known. 



Studying this problem from a different perspective, Vogan | Vog93| points out 



that the object (G', S,) has too many automorphisms, and these automorphisms 
can permute 11^ without being detected in any way by ^G. This behavior is 
not at all pathological and already occurs for groups as simple as SL2(M). This 



indicates that the datum (G", ^) is by itself not sufficient to specify a bijection as 
in l|l.ll , and that one needs to further enrich it by additional data. Vogan then 
goes on to propose one such enrichment. It consists of adding to (C, ^) an el- 
ement z e Z^(r,G) with the property that C"V(^) = Ad(2:(CT)). The triples 
(G", ^, z) are called pure inner twists and their isomorphism classes are param- 
eterized by the set H^ (F, G), which according to Kottwitz's result is isomorphic 
to the Pontryagin dual of TTa{Z{G)^). The work of Kottwitz, Vogan, and others 
suggests the following variant of ill. Il l: There should exist a finite set 11^"'^'^ of 
isomorphism classes of quadruples (C, £,, z, tt), where (C, ^, z) is a pure inner 
twist and tt is an irreducible tempered representation of G'{F), together with a 
commutative diagram 

Irr(7ro(5^)) ^^^ ^if^ (1-2) 



X*{MZ{GY)) ^H\V,G) 

in which the bottom arrow is Kottwitz's isomorphism, the left vertical arrow 
sends an irreducible representation to its central character, the right vertical ar- 
row sends a quadruple (G", ^, z, tt) to the class of z, and the top arrow (the only 
conjectural arrow in the diagram) is a bijection sending the trivial representa- 
tion to the quadruple (G, id, 1, tt), where tt is the unique rti -generic constituent 
of n^ . The diagram ill. 21 was constructed by DeBacker and Reeder IIDR09I for 
any unramified p-adic group G and a class of supercuspidal Langlands param- 
eter (f. It was then shown by the author BKallll that this construction satisfies 
the expected endoscopic character identities. Just as in the quasi-split case, it 
was important for both the statement and the proof of the conjecture that given 
a pure inner twist (^, z) : G ^ G' , the data ro and z provide a natural normal- 
ization A[rD, z] of the endoscopic transfer factors. The relationship of this point 
of view with that of Arthur is straightforward: The spectral transfer factor is 
given by the expression A((p, tn,(p)) = tr(p(s)), where s & S^p is part of the 
endoscopic datum to which A[rD, z] is associated, and the function /9(A, s) is 
specified by p( A [ro, z],s) = 1. 

While pure inner twists seem to provide a beautiful resolution to the problem, 
they have an essential drawback: The map H^{T,G) -^ -ff^(r,Int(G)) is not 
surjective, which means that not every inner twist (^ : G ^ G' can be equipped 
with an element z. The worst case scenario is when G is simply-connected. 
A theorem of Kneser states that then H^{T, G) = {1} and the diagram (|1.21 
collapses to the quasi-split case (|l.l|l . One attempt to alleviate this problem 
can be made using Kottwitz's theory of isocrystals with additional structure 
IKot85l , IKot97l . This theory provides a different cohomology set for G - if we 
let L be the completion of the maximal unramified extension of F and L an 
algebraic closure of L, Kottwitz studies the set H^{Wf, G{L)) and shows that 
the elements of a certain subset B{G)\,as of this cohomology set provide inner 
forms of G and have an interpretation in terms of G similar to that of H^ (F, G). 
Using this theory, one can make a conjectural diagram similar to 1 11.21 . It was 
shown by the author |Kalpl| that the theory of DeBacker and Reeder extends 
to this setting and that the endoscopic character identities hold. Furthermore, 
the same is true |Kalp2 [ for a different class of supercuspidal Langlands param- 
eters, for which the corresponding L-packets consist of epipelagic representa- 
tions IRY12I . The cohomology set i?(G)bas has a map to H^(F,Int(G)) which 
is surjective when the center of G is connected. In this case, this set provides 
a complete resolution to the problem. The opposite case is that of a simply- 



connected group G, where again one has -B(G)bas = {!}• Nevertheless, there 
is a procedure that can replace any connected reductive group G by one with 
connected center and equal endoscopy, so in principle -B(G)bas can be used for 
arbitrary reductive p-adic groups. The replacement procedure however comes 
with its own problems. For example, the replacement group is always rami- 
fied, and this makes its use in global applications problematic. 

The purpose of the present paper is to provide a new cohomology set that 
alleviates the problems described above pertaining to the statement of the lo- 
cal Langlands correspondence and endoscopic character identities for p-adic 
groups. We believe that this set provides a solution to Problem 9.3 in ]Vog93| in 
the p-adic case. To any algebraic group G defined over a p-adic field F, and any 
finite multiplicative central subgroup Z c G, we construct a cohomology set 
H^{u ^ W, Z -^ G). For applications to the local Langlands correspondence, 
G will be connected and reductive, and Z will be the center of the derived sub- 
group of G. The cohomology set H^{u -^ W, Z —^ G) has the following prop- 
erties: For any algebraic group G, it receives an injective map from H^{T, G) 
and it sends a surjective map to H^{T, G/Z). It follows from this that, when 
G is connected and reductive and we take Z to be the center of the derived 
subgroup of G, the induced map H^{u ^ W,Z —^ G) ^ H^{T,lat{G)) is sur- 
jective, and thus every inner twist ^ : G ^- G' can be equipped with an element 
of H^{u ^ W,Z ^ G). When G is split, the surjective map H'^{u -^W,Z -^ 
G) — >■ H^{T, Int(G)) is in fact bijective, which means that for every inner twist 
S^ : G ^ G' there is a unique element of H^{u — > W,Z -^ G) belonging to 
that twist. For a general connected reductive G, the set iJ^(u -^ W,Z ^ G) is 
finite and is in canonical bijection with a certain finite abelian group which 
is constructed from ^G. This analog of Kottwitz's result allows us to con- 
struct a normalization of the endoscopic transfer factor from an element of 
i?^(u -^ W, Z -^ G) and this in turn allows to state a version of l|1.2| l and 
of the endoscopic character identities for all inner forms of a given quasi-split 
connected reductive group G, thus in effect for any connected reductive p-adic 
group. 

To elaborate on the last sentence, let G be a connected reductive group defined 
over F, and Z c G a finite central multiplicative subgroup. Set G = G/Z. 

The isogeny G ^f G dualizes to an isogeny G — > G of the complex Langlands 
dual groups. We let Z{G)'^ be the preimage under this isogeny of the diag- 
onalizable group Z{GY . Then we show that the set H^{u — > W,Z -^ G) is 

in functorial bijection with the Pontryagrn dual of 7ro(Z(G)+) and that this bi- 
jection is compatible with Kottwitz's isomorphism. Now assume that Z is the 
center of the derived subgroup of G. A rigid inner twist of G is an inner twist 
£, : G ^ G' equipped with an element z G Z^(u — > M^, Z — > G) whose class in 
H^{u -^ W,Z ^ G) maps to that of ^. Given a tempered Langlands parameter 

(fi, we let 5+ denote the preimage in G of S*;^. We then expect to have a finite 
set Hip of isomorphism classes of quadruples {G' ,£,,z,tt) and a commutative 
diagram 

Irr(7ro(5+)) H^ (L3) 



X*{tto{Z{G)+)) ^ H^{u -^W,Z ^G) 

with the same properties as l ll.2b . In fact, each term in diagram l|1.2b is a sub- 
set of the corresponding term here, and we expect that this diagram is an en- 



largement of (|1.21 in the obvious sense. Furthermore, we show that the data tr 
and z provides a normalization A [tr , z] for the endoscopic transfer factor and 
this allows us to state the conjectural endoscopic character identities. In order 
to state these identities, we must work with a slight refinement of the notion 
of endoscopic datum. This refinement resolves another problem observed by 
Arthur in [! ArtQ6] which pertains to the invariance of the transfer factor under 
automorphisms of endoscopic data. The relationship between our statement 
of the local Langlands conjecture and the endoscopic character identities and 
that of Arthur is again straightforward. The conjectural spectral transfer factor 
of Arthur is given by the expression A((/3, t„, (p)) = tr(/5(s)), where s is part of 
the enriched endoscopic datum to which A [tr , z] is associated, and the function 
p(A,s) is specified by p(A[rD,z], s) = 1. 

Let us now give an informal description of the idea behind the set ii^(u — ?> 
W, Z ^ G).lf Z is split and its exponent is equal to n, we consider an extension 
W of r by fin (the multiplicative group of n-th roots of unity in F) belonging to 
a certain canonical class of extensions. The group W acts on G{F) via its map 
to r and we define H^{u -^ W^Z -^ G) to be the subset of H^{W, G{F)) repre- 
sented by 1-cocycles W -^ G{F) whose restriction to /i„ is given by an algebraic 
homomorphism /i„ — 5- Z. If Z is not split, a similar construction works with 
fin replaced by Res£;„/i?/i„ where Eq/F is a finite Galois extension splitting Z. 
When one tries to make such a construction work, one is presented with the fol- 
lowing problems: First, the object 'ResEa/pihi is determined by the parameters 
Eq/F and n which depend on Z. Since we want the set H^{u -^ W, Z ^ G) 
to be functorial in Z — s> G, we must work with all possible extensions of F 
by groups of the form ResEa/F^^n> rather than a single fixed extension. Sec- 
ond, such extensions have non-trivial automorphisms coming from the non- 
triviality of H^{r, Res Eo / F IJ-n) ■ This means that one cannot simply work with 
isomorphism classes of extensions when defining H^{u -^ W, Z ^ G). Rather, 
one has to work with the whole category of these extensions. 

We ^vill now describe the contents of the paper and sketch the construction of 

the set H^{u -^ W,Z -^ G) and its isomorphism with the dual of ttq{Z{G)^). 
The construction of H^{u ^ W, Z ^ G) is the main topic of Section |4l Just 
as the usual cohomology set H^{T, G) can be identified with the colimit of the 
sets H^(T/A,G^), where A runs over the Galois groups of fields contained 
in a fixed algebraic closure F and of finite degree over F, the set H^{u -^ 
W,Z^G) is constructed as the colimit of sets H^{ue -^ Wc,Z — > G). Ex- 
pressed more formally, we construct a functor from a certain small category I 
to the category of sets, which sends e G I to H^{ue -^ Wc, Z — > G), and declare 
that H^{u — > VF, Z — !> G) is the colimit of that functor. This functor is con- 
structed as the composition of two functors. The first is a functor $ : I — !> f . 
The construction of this functor is the technical heart of the construction of 
H^{u — > VF, Z — > G). It is given in Section l4!2l The category I has as objects 
tuples e = {E/Eq/F, n, k, s), where E/Eq/F is a tower of finite Galois exten- 
sions, n is a natural number which divides [E : Eq], k : F —^ F is a function 
satisfying fc(a;)" = x, and s : Te/f ^^ We/f is a section for the natural pro- 
jection from the Weil group of the extension E/F to its Galois group. Given 
a second such object t = {K/Kq/ F, m, I, t), there is at most one arrow t ^ t, 
and it exists if and only ii n\m, Eq C Kq and E C K. The category £ has as 
objects extensions of F by finite multiplicative algebraic groups defined over 
F. Given two such extensions with kernels ui and U2, the set of morphisms 
from the first to the second is the set of W2-conjugacy classes of morphisms of 
extensions which restrict to morphisms of algebraic groups ui —5- U2 and which 



induce the identity on F. The construction of the functor $ is based on a device 
developed in Section |4A1 which we call an unbalanced cup-product. 

The second functor goes from the category £ to the category of sets. It's con- 
struction is inspired by Kottwitz's idea of algebraic cocycles IKot971 §8]. Given 
an extension 1 — > u' — > VF' — > F — ^ 1, we define the set H^{u' -^ W , Z ^ G) 
to consist of all cohomology classes in H^{W' ,G{F)) which are represented 
by 1-cocycles whose restriction to u' is given by a homomorphism of alge- 
braic groups u' — > Z. Here W acts on G{F) through its map to F. The set 
H^{u —>■ W, Z — !> G) is now defined as the colimit of the composition of these 
two functors. There is also a corresponding set Z^{u -^ W,Z ^f G) of "cocy- 
cles" whose classes are given by H^ {u -^ W, Z ^- G) . The usual cohomology 
set H^{r, G) has also the interpretation of cohomology classes represented by 
continuos 1-cocycles F -^ G{F). Our set H^{u — > W,Z — ;> G) does not cur- 
rently have an analogous interpretation. It is possible that such an interpre- 
tation exist. For example, one could try to prove that the functor $ itself has 
a limit in the category £ (after relaxing the finiteness assumption), and that 
algebraic cocycles of this extension of F with values in G{F) realize the set 
H^{u -^ W,Z — > G). We have not tried to prove this. Section |44| provides 
some basic properties of H^{u -^ W, Z —;■ G), including its finiteness, the in- 
jection it receives from iJ^(F,G), the surjection it sends to H'^{T,G/Z), and 
an inflation-restriction exact sequence. A further important property which 
H^{u -^ W, Z ^ G) inherits from its construction is its functoriality in Z — > G. 

Section|5]is concerned with the construction of the functorial isomorphism be- 
tween H^{u ^ W,Z ^ G) and the Pontryagin dual of 7ro(2^(G)+) in the case 
where G is a connected reductive group defined over F. However, in that sec- 
tion we do not use the language of the dual group, but rather we construct a 
set Y^^toi{Z — > G) from the root datum of G which will later turn out to be 

functorially isomorphic to ttq{Z{G)^). This set is constructed in Section ISlT] 
The construction of the isomorphism K|_,tor(^ — > G) = H^{u ^ VF, Z — > G) is 
the subject of Section l5l2l It is first constructed in the case that G is a torus, and 
for this we again employ the unbalanced cup-products of Section fOI Once the 
case of tori is done, we use the maximal tori of a connected reductive group G 
to obtain the isomorphism in that case. We also show various compatibilities of 
our isomorphism, in particular its functoriality in Z —>■ G and its compatibility 
with the Kottwitz isomorphism. 

SectionlH describes how the set H^{u -^W.Z^G) can be applied to the study 
of the local Langlands correspondence and endoscopy. We introduce the con- 
cept of rigid inner twists in Section lOl and show how for a given maximal torus 
S* C G in a connected reductive group, the set H^{u -^ W,Z ^ S) parameter- 
ized the rational classes inside the stable class of any given strongly-regular 
element of S{F). This leads to the cohomological invariant inv((5, 6') that will 
allow us to normalize the transfer factors later. The discussion in |6A] following 
the ideas already used in iKallll §2.1]. In Section |6^ we establish the functo- 
rial isomorphism between the set y+_tor(-^ — > G) defined in Section lSAJ and the 

Pontryagin dual of 7ro(.^(G)+). This isomorphism can be phrased (Corollary 

16.41 1 as a perfect pairing between H^{u -^ W,Z ^ G) and 7ro(2^(G)+), and be- 
sides inv((5, 5') this pairing is the second ingredient in the normalization of the 
transfer factor. We then proceed to define the notions of a refined endoscopic 
datum and of an isomorphism between such data. This notion is the third in- 
gredient in the normalization of the transfer factor, which we then are able to 
establish. Finally, in Section [631 we spell out the conjectural diagram l|1.3|l and 



the statements of the conjectural endoscopic character identities. 

The author is grateful to Robert Kottwitz for introducing him to this problem 
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the key to its resolution. The support of the National Science Foundation via 
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2 Some notation 



Let F be a local non-archimedean field of characteristic zero. Fix an algebraic 
closure F oi F and write F or Tp for the Galois group of F/F, and Wp for the 
Weil group of F/F. For a fixed finite Galois extension E/F we will write T^^p 
and We/f for the relative Galois and Weil groups. We will reserve the letter W 
for a different purpose. Given a eT and x E F, we will denote the image of x 
under cr by crx. 

Given a ring B, we will denote by R[Te/p] the group ring of Tp/p, i.e. the ring 
of formal sums of elements of Tp/p with i?-coefficients. For us R will be either 



Z or TLjnTL. The element of R\V -eif\ corresponding to <t G F will be denoted by 

If S is an algebraic torus, we will write X*{S) and X^{S) for its character and 
cocharacter modules. These will be written additively, and the canonical pair- 
ing between x e X*(S) and A e X^{S) will be denoted by (x, A). For x e F, 
we will sometimes write x^ instead of A(x) for the image of x under the map 

A '. ^ra — ^ ^ • 

If G is a connected reductive group, we will write Gder for its derived subgroup, 
and Ggc and Gad for the simply-connected cover and the adjoint quotient of 
Gder- If -S C G is a maximal torus, we will write S'der/ S'sc ^rid ^ad for the 
corresponding maximal tori of Gder/ Gsc and Gad respectively The subset of 
strongly regular semi-simple elements of G will be denoted by Gsr- When G is 
defined over F, we will write G{R) for the set of points of G with values in an 
F-algebra R. The notation g £ G will be shorthand for g e G{F). Two elements 
5i , 52 G Gsi{F) are called stably conjugate if they are conjugate under G{F). All 
elements h g G{F) with Ad{h)gi = 32 provide the same isomorphism from 
the centralizer of gi to the centralizer of g2, and we will call this isomorphism 



We will write G for the (connected) complex Langlands dual group of G and 
^G = G XI Wf for the (Weil-form) of its L-group. 

Given a finite group A and a A-module M, we will use besides the usual group 
cohomology H''-{A,M) also the modified, or Tate-cohomology, which we ^vill 
denotebyiJ{3tg(A,M). 



3 Recollections about the Tate-Nakayama isomorphism 



Fix a tower of finite Galois extensions E/Eq/F and a natural number ri which 
divides [E : Eq]. Let S* ^ 5 be an isogeny of tori defined over F and let Z be 
its kernel. We assume that S splits over E and that Z splits over Eq and has 
exponent dividing n. We write Y = X^,{S) and Y = X^,{S). The natural map 
F — >■ y is injective, and we identify Y with its image in Y. The quotient Y/Y 
is a finite abelian group whose exponent divides n. We have a F-equivariant 
isomorphism 

Y/Y -^ Hom(/x„, Z), X^{x^ x"^). (3.1) 

The Tate-Nakayama isomorphism ITat66l provides a commutative diagram 
with exact rows as follows 

i7i(F, s) ^ H\T, s) ^ ij2(r, z) ^ ij2(r, s) 



HT,li^E/F,Y) H^,1{Te/f, Y) H^I{Te/f, Y/Y) HI,^{Te,f, Y) 

The maps as and a^ are isomorphisms, while the map hs is a monomorphism, 
being the composition of the isomorphism HJ^^^{TE/F^ Y) — )► H'^{Te/f, S{E)) 
with the inflation map H'^{Te/f, S{E)) — !> H'^(t, S), which is injective in this 
case. The four-lemma implies that the map az is also a monomorphism. Count- 
ing the orders of its source and target we see that it must be an isomorphism: 



The norm map Ne/f ■ Y/Y — > Y/Y for the action of Te/f factors through 
[y/y]r and the source of az is the subgroup of [y/y]r killed by Ne/f- How- 
ever, we have Ne/f = ^Eo/f ° ^e/Eo ^^^ by assumption Te/e,, acts trivially 
on Y/Y, so Ne/Eo is equal to multiplication by [E : E^] on Y/Y. Since Y/Y is 
finite abelian of exponent n, we see that Ne/Eo ^i^^s it, and conclude that Ne/f 
kills all of [F/y]r- Thus the source of az is all of [y/y]r- The target of az is 
Pontryagin-dual to H" {T, X*{Z)) llMi06l Cor 2.4], but X* (Z) is the Pontryagin- 
dualoi Y/Y. 

We would like to make this diagram explicit, in particular the map az. This 
will provide some motivation for the calculations in the next sections. 

Let c^T e Z'^{rE/FiE^) represent the canonical class. Then, according to the 
formulas for the cup-product in dimensions (2, —1) found in IIAW67I , for X gY 
belonging to the kernel of the norm, we have 



asiX){a) = [cUX]ia)= [] ( 



a, a 
aerE/F 






Of course, given A G F belonging to the kernel of the norm, the formula for 
ag{X) is the same. 

Before addressing az, let us compute da§ (A) (a, r) . For this, we need an element 
of Ci(r, S) that lifts ag{X) e Z\T, S). If fc : f"" ^ F"" is a section of the ?i-th 
power map (i.e. fc(a;)" = x), then 

CT^ n fc(c-,a)"™^ (3.2) 

is such an element, because nX G Y. The coboundary of this element is equal 
to 

aeTE/F 

Substituting ra for a in the first factor and using the fact that A is in the kernel 
of the norm, the above expression is equal to 

n [Hc,,rayWk{Cr,a)]-k{c„r,ar'MCa,r)-'V^'''''^= [] ^^^(a, T, a)]"^°"\ 

Note that the 3-cocycle dkc takes values in /^„ (F) and thus the product belongs 
to Z{F). This motivates the following formula for az- For any A G y we put 

az{X + Y){a,T)^ [| [dfcc(CT, r, 0)]""""^ (3.3) 

a&'^E/F 

Provided we show that az{X + F) is a cocycle, it will be clear that with this 
definition of az the middle square in the above diagram commutes. To show 
that az{X + F) is a cocycle, consider its image in C^(r, 5). Reversing the above 
computation, we see that this image is equal to 



n fc(c..a)"""^ • a[A;(c,, J^""Y A(c.r,a)-"™M • J] ^<''^^) 




-aranX 

The term in the curly brackets is a 2-coboundary, while the second product is 
equal to 

fcc(a,T)-"™^""\ 



Recalling that the norm map Ne/f kills the abelian group Y /Y, we see that 
^ a\ is already an element of Y , and hence we have the following equality in 

S{F). 

kc{a, t)-"^'' ^" "^ = c(cr, t)-"^ ^» "^. 

The right hand side is equal to the cup-product of c G Z'^{Te.f,E^) with 
^ Ea «^ e Z°(r, Y). This proves both that az{\ + F) is a 2-cocycle, and that 
the right square in the above diagram commutes, provided we take bs to be 
the negative of the Tate-Nakayama isomorphism. 

4 The functor H^{u -^ W) 

4.1 Unbalanced cup-products 

Formulas | |3.2t and ( 13. 3t are structurally very similar to the formulas for the 
cup product of an element in C'^ITe/f^ E^) or C^(rE/Fi E^' ) with an element 
i^ ^latel^B/^' ^)- "^^'^ difference however is that the functions kc and dkc do 
not belong to C^{Te/f^ E^) for i = 2 or i = 3, because they take values in a 
field larger than E. Rather, they are elements of C"(rx/Fi K'^) for some finite 
Galois extension K/F containing E, but with the additional property that their 
values remain unchanged if we modify their last (i.e. right-most) variable by 
an element of Tk/e- This special feature allows one to write the formulas (13.2b 
and (|3.3b . It will be useful to have a notation for this type of formula and to 
collect some observations. 

Let A — > be a surjection of finite groups, let yl be a A-module, and let B 
a 0-module. Recall that for any integer i, the set of homogenous i-cochains 
^Tate™(®' ^) ^^ defined as Homel-P^®, B), where {Pf)i^z is the standard com- 
plete resolution of the trivial 0-module Z. Analogously, we have Cj^^^{/\, A) = 
\lorai^{Pf^,A). When i > the set C*;Jj°'"(A, A) can be identified with the set 
of A-equivariant functions from A*+^ to A, where A acts by diagonal left mul- 
tiplication on A'+^. We will also occasionally drop the subscript "Tate" in that 
situation. 

Let i > j > 0. We will be interested in a subset 

C"'^'^''°'"(A, e, A) c C"-''°'"(A,A) 

defined as follows: An i-cochain of A with values in A belongs to this subset 
if and only if its values remain unchanged when we multiply any of its last 
j-many variables by an element in the kernel of A — !> O. This is equivalent to 
saying that this i-cochain is the composition of a function A'+^^^ x Q^ ^ A 
with the natural projection A*+^ — > A'+^^J x QK Notice that the differential d : 
C*'^°'"(A, A) -> c^+i.hom^^^ ^) carries C'^3-^o^(A, 9, A) to C'+i J,hom(^^ q^ ^)_ 

We can consider B as a A module as well and form the A-module A® B. Let 

now i > j' > j > 0. Given two cochains / £ C*'-''''^°™(A, 6, A) and g £ 
Cf,^;'^°""(e,S), we define 

using the formula 

(/ U g){go, . . ■,gt-j) = ^ /(.go, • • ■ , 9t-j,si, . . . , s^) ® g{sl, ...,s*), 
(si,...,sj)Gej 
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The condition on / ensures that this formula makes sense. In the degenerate 
case A = 9 this is just the formula for fUg given in llAW67i §7] . We also define 

(/Ug)(5o,---,.9j) == {f^9){9a,---,9i) = /(.9o, • ■ • ,5») '^ 9i9t) 

in the case j = 0- Then we observe that U has the following feature in common 
with the usual cup-product. 

Fact 4.1. 

difUg)=dfUg + {-iy,fUdg. 

The proof relies on the fact that for i > the differential for homogenous i- 
cochains is given by a formula which is independent of the group, i.e. it is the 
same for both A and - a fact that is not true for i < 0. Once this has been 
observed, the proof is straightforward and we shall leave it to the reader. 

It will be more convenient to work with inhomogenous cochains in the subse- 
quent sections. For i > j' > j > 0, the set of inhomogenous i-cochains C* (A, A) 
is then just the set of functions A* — s> A, and the subset C*'^ (A, 9, A) is defined 
by the same condition as for the homogenous case. We will be particularly in- 
terested in the case j = I. An inhomogenous (— l)-cochatn with values in B is 
simply an element of B. Given / e C"'^(A, 9, A) and \ e B. We have 

(/U A)(5i,...,g,;_i) = ^ f{gi,...,g,-i,a) ® gi . . . g,^ia\. 



In a situation where more than one pair of groups A — !> 9 is involved, we will 
write / U g to keep track of which group is being used. When 9 is the Galois 

group of some finite Galois extension E/ F, we will also write f Li g. 



4.2 Definition of the functor ^ : I ^ £ 

In this subsection we will construct a functor $ which lies at the heart of the 
functor H^ [u ^tW,Z ^t G). The source of $ will be a small category, which we 
will call I (for index category), whose objects are quadruples (E jE^jF^ n, k, s), 
where E/Eq/F is a tower of finite Galois extensions, all contained in F, n is 
a natural number dividing [E : Eq], k : F ^- F is a section of the ?7-th power 
map (i.e. fc(a;)" = x), and s is a section of the projection We/f -^ ^e/f- If 
{K/Kq/F, m,l,t) is another such quadruple, then the set of maps 

I{{K/Ko/F, m, /, t), {E/Eo/F, n, k, s)} 

is either empty, or it consists of one element. It is non-empty if and only if n|TO 
and we have the inclusions 



Eo^ ^E 




The set of objects of I can be partitioned into a disjoint union of subsets, which 
we will call layers, each layer consisting of all quadruples for which the first 
two components (the tower of extensions and the natural number) are equal. 
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For a given {E/Eo/F,ti), the corresponding layer forms a full subcategory 
lE/Ea/F,n C I. To give an object in this subcategory it is enough to specify 
the tuple (fc, s). Between any two objects within a given layer there is a unique 
morphism. 

The target of $ will be the category £ whose objects are extensions 

of the absolute Galois group F of -F by finite multiplicative algebraic groups 
u' defined over F. Thus, W is a topological group, W -^ F is a continuous 
map, u' ^ W' is a closed embedding whose image coincides with the kernel 
of W -^ F, and the induced map W /u' — > F is an isomorphism of topological 
groups. We will denote such an object by u' — s> W for short. If u" — > W" is 
another such object, we define the set of morphisms 

£{u' ^W\u" ^W") 

to be the set of u"-conjugacy classes of continuous group homomorphisms 
W — > W" which restrict to algebraic homomorphisms u' -^ u" and induce 
the identity on F. 

We now begin with the construction of the functor $ : I — > f . For an object 

e = [E/Eo/F, n, k, s) £ I, we put u^ = ResEo/pf^n arid R^ = ResE„/F'Gm- Then 
lie is a finite multiplicative algebraic group defined over F and sits in the exact 
sequence 

1 -> Wj — > _Rc ^ -Re ^ 1; 

where the map -Re -^ R( raises each element to its n-th power. This is a conve- 
nient place to recall the Weil restriction of scalars and fix some more notation. 
The ring Z[F£;|^/^] has two structures of a F-module - one where F acts by mul- 
tiplication on the left, and one where it acts by multiplying by inverses on the 
right. We identify X*{Rc) with Z[F£;|,/j?] using the first F-module structure, 
and we identify X* (Re) with ZITeo/f] using the second. The canonical duality 
between x e X*{R^) and y e X^{R^) is then given by 

{x,y) =5e{xy) 

where xy is the product of x and y in the ring Z[F£;q/j?] and S^ : Z[rEg/F] ^ ^ 
sends the identity of ^Eq/f to 1 and any other element of ^Eo/f to 0. With 
these conventions we have X*{u^) = "L / n'L\r Eq / f] - the group ring of Teo/f 
with coefficients in Z/nZ with F acting by multiplication on the left - and con- 
sequently 

R,{K) = Homz(Z[FB„/j.],F^)r- = Maps(Fs„/f ,F^)r-. 

u,{K) ^ Homz(Z/7iZ[FB„/j.],F'')r«' ^ Maps(F£„/f , Ai„(F))r^. 

Here Maps denotes the set of set-theoretic maps, and the action of tr G F on 
an element / in the middle or right term in the above equations is given by 

(ct/) =ao f oa~^. 

Shapiro's lemma and the local Artin map provide a commutative diagram 

H^T,R,)^^H^{rE„,Gm)^^Q/Z (4.1) 



H^r,u,)^^H^TEo,fin) -^^ yZZ 
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We return to the construction of the functor $. This functor will send the 
quadruple e = {E/Eq/F, n, k, s) to a certain extension of F by u^. The isomor- 
phism class of this extension will correspond to the element of H^{T, u^) that 
maps to — 1/n under the maps in the above diagram. However, having the iso- 
morphism class of the extension will not be enough for our purposes. To con- 
struct the functor $, we will need the actual extension. It will be constructed as 
follows. Let Cc((T, r) = ScStS~^. Then c^ £ Z'^{Te/f,E^) represents the canon- 
ical class of the extension E/F and we have dkc,. G Z^'^(rx/Fj ^e/f^ f^n{K)) 
for a suitable finite Galois extension K/F containing E. On the other hand, 
the isomorphism | |3.1| l provides a F-equivariant isomorphism Z/riZ[F£;^/j-] — J> 
Hom(/^„,Ut) and for (Tq G ^Eq/f the image of [(Tq] under this isomorphism 
maps X & Unio the element of u^ given by 

r.„/. -./.„, ro^j-;^' £ = '^° (4.2) 

It follows that 

^Tate(rB/F,Hom(/i„,7.c)) = Hj^liTE/F,^/nZ[rE„/F]) 

= Ho{rE/F,Z/nZ[rE„/F]) 
= Z/nZ 

where we have used that n I [£" : £"0]. Thus we see that iJ^jg(F£;/^,Hom(^„,Mc)) 
is cyclic with a canonical generator (corresponding to 1 G Z/nZ) given by the 
element [1] G Z/nZlTEf^/F] which sends x G /i„ to the element of u^ given by 






.T, To = 1 

else 



Lemma 4.2. The 2-cochain 



^e ■.= dkc, U [1] eC^(T,u,) 

E/F 

belongs to Z^(F,Wc) and its image in Q/Z under the maps in the diagram ll4.1b is 
equal to — 1/n. 



Proof. Fact 14. II shows that ^e G ^^(L, Uc) as claimed. To compute its image in 
Q/Z, we first map ^^ to Z'^{r, R^). Its image there is equal to dkcc U [1], with 
[1] G Z[Te„/f] -= X,{R,) = Cj^I{Te/f,X,{R,)). Applying Fact SI] again we 
see that the class of ^c in H^(r, Re) is equal to the class of kc^ U — (i[l]. Now 

d[l]= J2 ^W= E W-'] = [E:Eo] Y. H 



kce U -d[l] = Cc U I - ^ ' " 



and hence 



The right factor in this cup product is equal to the image oi —{E : Eo]/n G Z = 
X^,{Grrn) under the diagonal embedding A : Gm -^ Rt, and thus kc^ U ~d\^\ is 
equal to the image under A : H^{T, G„) -^ H^(T, R,) of the {-[E : £;o]/n)-th 
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power of the canonical class. We have the commutative diagram 



" 



f-E:Eol 

Q/Z ■ ^ Q/Z 

where the isomorphism = is given by Shapiro's lemma. The top horizontal 
map is equal to the restriction map, and the commutativity of the diagram 
follows from the compatibility of the local Artin map with restriction. D 



We now set 



$(e) -.^u.^r 

6 



to be the extension of Thy u^ specified by the 2-cocycle ^c- We have thus de- 
fined the functor $ on the level of objects. In order to define it on the level of 
morphisms, we will first treat the special case where both objects of 2 belong 
to the same layer Ie/Eo/f.u- Let e ~ {k, s) and e' = {k', s') be two such objects. 
We write Cj = s„SrS~^ and c^' — s'^s'^Sar, and let 77 : Te/f -^ E^ be such that 
s' ~ i]s. Then {k'c^' ■ kc^ ■ dkrj^^) G C"^'^ {T k / f ,^ e / f , tJ-n{K)) for some suitable 
finite Galois extension of E. We set 

ac',c := (fc'cc' • (fccc)-^ • (dfc?7)"^) U [I] e C^{T,u,). (4.3) 

E / F 

Explicitly, for cr G F and oq G TEa/Fr we have 

'^c'.c(o')(q^o) = 1 [ [k'cc'{<y,<T^'^a)-kc^{(j,a^'^a)^^-krj{a)^^-kri{a^'^a)^'^-krj[a)\. 

According to Fact l4.1l we have da = dk'cc' ■ (dkcc)^^ and hence we obtain an 
isomorphism of extensions of F 

Uc'MT^UcMT, xKlcr h-> (x • ac'.e(o-)) ^cr. 

We declare that the functor $ sends the unique map from c' — ?► e to this isomor- 
phism. This completes the definition of the functor $ on the layer lE/Eo/F,n C 
I. 

Lemma 4.3. The $ just defined is indeed afimctor 

^E/Eo/F,n -^ £■ 

Proof. What we need to show is that $ is compatible with composition of ar- 
rows. For this, consider three objects (fc, s), (fc',s') and (fc",s"). We let 77, /i : 
F_E/_F ^ -E^ be such that s' ~ rjs and s" = ^s'. It will be enough to show that 

{dkr] ■ dk' II ■ dikir] ■ n)y^) U [1] G B\r,u,). 

E / F 

Unravelling the formula, we see that the above cocycle sends cr G F to the 
element of u^ given by 

r_Bo/F-^Mr,, TO^ Jl dfc?7(CT,cr~V) • (ifc'/i(o-, 0-~^t) -^(^(77 •/i))"^(cr, (T"V), 

TM-To 
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where the product runs over those r G Te/f that map to tq G Teo/f- The 
contribution of each fixed r to the product is given by 



A:[r7(cr) ■ ^(cr)] 



k[ii{a ^t) • /^((T ^r)] 



fc[?/(r) • ^(t)] 



Each of the three terms above belongs to /i„. The first of the three terms is 
independent of r and using that n\[E : Eq] we see that its total contribution to 
the product is trivial. The whole product is then seen to be equal to <t(3 ■ j3^^ , 
for f3 <E Uc given by 



/3(to) 



n 



rer 



E/F 






U 



It remains to define the value of $ at a morphism in I whose source and target 
lie in different layers. We will provide an explicit formula only for certain pairs 



of objects of X. Consider two layers lE/Ea/F,n arid I^ 



:/Ko/F.m 



and assume that 



there exist morphisms from objects of the second layer to objects of the first. 
Then we have an extension 



1 ^r 



K/E 



K/F 



E/F 



1 



Given a splitting sr : Te/f -^ ^k/f for this extension, a pair of objects e = 
{E/Eo/F, n, k, s) and fi = {K/Kq/F, m, I, t) will be called sr-nice, if the follow- 
ing conditions are satisfied: 

, l"^ =k. 

• For all y e T^^e we have t{y) e W^/e- 

• For all y G Tk/e and x G Te/f/ we have t{ysr{x)) = t{y)t{sr{x)). 

• We have s ^ noto sp, where tt : W^/f ~^ ^e/f is the natural projection. 

We can summarize the situation using the following diagram, whose rows and 
right column are exact. 



if X J^^ ^.^ 



K" 



rec/c 



E 



Nk/e 
^ reCE 



C/E 



w, 



K/F 



W; 



E/F 



K/E 



K/F ■ 



E/F 



-^1 



The definition of sr-nice is motivated by the discussion found in IILan831 VI. 1]. 
This discussion also contains the proof of the following lemma, which we re- 
produce for the convenience of the reader. 
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Lemma 4.4. Put 

Ce(cr,r) = rec];}(saSrS-^) and C((cr,T) == rec'^^{t„trt~l), 

so that Ce G ^^(r^;/^?, £'^) and C{ G Z^(rx/F, -?^^) represent the canonical classes 
of the extensions E/F and K/F. Then for any cr, r G Tx/fi whose images in Te/f 
we also call cr, r, we have 

Cc{a,T) = Y\_ C{(wcr, sr(T)) = Y\_ ct{a,vT)ct{a,v)~^ . 

Proof. One computes easily that the conditions imposed on s and t by sp- 
niceness imply the following equations: 

Ci{y, zsr{x)) = ct{y, z), Vx G Te/f, y, z G Tk/e- (4-4) 

c,{x,y) = NK/Eiciisrix),sriy))) • rec^^(7r(i(cr(a;,y)))), Va;,y eTe/f- (4.5) 

Here cp '■ ^%/f ^ ^k/e is defined by cr{x,y) ~ sr{x)sr{y)sr{xy)^^ and the 

second factor in the right hand side of ||4.5| | is defined because the function not 

maps Tji/E into the image of rec^- Given z G Tk/e> we have 

recE'iTTitiz))) = recj/itTiTTitiz)))), 
where tr : We -^ W^ is the transfer map. Because W^ = W^,^, this transfer 
map is equal to the transfer map tr : Wj^,e — > ^kik ^ ^kjk- In order to com- 
pute it, we need a section of the natural projection Wk/e -^ Wk/e/Wk/k = 
Tx/E/ and for this we can take t. Then we have 

rec^.i(tr(^(t(z)))) = J] rec^'W^O^WiM"') = H ^«("'^)- 

v£Tk/e v^Fk/e 

Plugging this into equation l|4.51 l we obtain 

c,{x,y) = W^ wc{(sr(a;),sr(2/)) ■ct(u, cr(x,y)) 



dGT 



Kf E 



and according to equation | |4.4| | this is equal to 

Cc{x,y) = Yi vct{sr{x),sr{y)) ■Ci{v,cri,x,y)sr{xy)) 

vGTk/e 

= H ^C{(sr(a;),sr(2/)) ■ct(u, sr(a;)sr(y)) 
= H ct{vsr{x),sr{y)) ■ Ci{v,sr{x)) 



ver 



K/E 



= Yi ct{vsr{x),sr{y)). 
veFii/E 

This completes the proof of the first of the two equations that are stated in the 
lemma. The second equation follows from 

Cc{(J,t) = Jl ct{av,sr{T)) 

= n crci{v,sr{T)) -ciia^vsrir)) ■ ci{a,vy^ 
verK/E 

and the fact that C{(w, srir)) = 1 according to equation l|4.4) l. D 
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We now return to the construction of the functor $. We have the layers 1-E/Eo/F,n 
and IK/Ka/F.m ^nd are assuming that there are morphisms from objects in the 
second layer to objects from in the first. Fix a splitting sr as above and a pair 
e = (fc, s) G lE/Ea/F,n and I = (/, t) G l-KjKaiF.m of sp-nice objects. The func- 
tor $ maps the object e to the extension u^ K^^ F, where u^ = ResEo/F^J-n, arid 
^c G ^^(F, itc) is as in Lemma 14.21 Accordingly, it maps { to the extension 
■U{ H^j F, where U{ = ResKo/KfJ-m and ^{ G Z^(r, U{). 

According to Lemma [4.41 the formula 

verK/E 
gives an element of C^'^(rK/F, ^e/f, Mn)/ and we set 

a(,c=C(,e U [1] gC1(F,?/c), (4.6) 

E / F 

where again we have used the element [1] G Z/riZlTEg/F] — Hom(/i„, u^), as in 
the discussion prior to Lemma l4.2] Explicitly, we have for cr G Fandao G ^Eo/f 



beVK/F a^VE/F ■v^Tk/e 

b^ao a^ao 



lE:Eo]/n 



Now consider the map p : R^ ^ R^ defined by 

p{x){^o)= n «(^o)", (4.7) 

boi-^ao 

where the product runs over Bq g Txo/f- It is F-equivariant and restricts to 
a map p : Uf ^ u^. Using the map p, we can give the following alternative 
expression of a^^c as a product of elements of C^ (F, R^): 

a(,e = (fcc, U [l],)-^ ■ p{lc, U [!]()• (c' U [l],y\ (4.8) 

E/F iC I F E I F 

where [l]c G Z[F£;„/^] = X»(i?e) and [1]{ G Z[F;f^/^]X,(i?{) correspond to 
1 G F, and c'(cr, r) = H^, fcc{(cr, u). 

Lemma 4.5. We /zaue 

Proof. We map a^c to C^(F, i?e) and consider its product expression given by 
The differential of the first term is 

(dkc, U [llc)"^ -(fcce U d\l],y^. 

E/F E/F 

The first factor is by definition ^^^, and the second is seen as in the proof of 
Lemma 112] to be equal to the image of the —[E : £'o]/n-th power of c^ under 
the diagonal embedding G,„ — > R^. 

The differential of the second term is equal to 

p(dlci U \l]t)-p(lc( U d\l]t). 

K/F K/F 
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Again by definition the first factor is equal to p o ^(, while the second is equal 
to the image of the [K : Ko]/m-th power of C( under the map G„i — > i?f — > R,.. 
The latter map is equal to the composition of the diagonal map G„i — > i?c with 
the [Ko : Eo]m/n-th power map on (G,„, showing that the second factor is equal 
to the [K : EQ]/n-ih power of C{ embedded diagonally into Z^{T, R^). 

For the third term we notice that since the value c'{a, r) is independent of r, 
the cup-product of c' with [1],; is equal to the image of the [E : -Eo]-th power of 
c' under the diagonal map Gm — > R^ . After taking differentials and observing 
n\[E : Ef)], we see that the differential of the third term is equal to the image 
under the diagonal map of 

Yliciia, v) ■ act{T, v) ■ ctiar, y)-^)-[E--Eo]/n^ 



From this it follows that da^^ ■ {p ° £.i ^) ■ Cc is equal to the image in Z^{r, R,.) 
xmder the diagonal map Z^(t, (G„,) -^ Z'^{T, R,) of 

V 

According to Lemma [4.41 this expression is equal to 1. D 



We now declare that the functor $ sends the unique morphism t -> e to the 
map 

lit K?f r ^ Uc ^5, r, X Kl (7 H- p{x)ai^,{a) K a. (4.9) 

According to Lemma |431 this is a homomorphism. This defines the functor $ 
for morphisms between sr-nice elements of X. Before we can define the functor 
$ in general, we need the following compatibility lemma. 

Lemma 4.6. Let sr, Sp : Te/f — > ^k/f be two sections. Let e, c' e lE/Eo/F,n ^nd 
t, {' e IK/Ko/F^m be such that the pair (e, t) is sv-nice, and the pair (e', I') is s'j.-nice. 
Then the diagram 

$(r) ^ $(«) 

$(e') ^$(e) 

of morphisms in £ commutes. 

Proof. We need to show that 

a{',c' -"c'.c -"{^e -PC^l'^t S -S^(r,Ue). 

Let us write e = (fc, s), e' = (fc', s'), t = {t, I), t' = (i', V). We let t^e ■ Te/f -^ E^ 
and rjK ■ ^k/f -^ K^ and r^r : ^e/f -^ ^k/e be such that t' = tjk ■t,s' ~ ije ■ s, 
s'r = Vr ■ Sr- Recalling the defining equations l l4.3t , l|4.6|l , and l|4.7|l , we compute 
that for (T e r and ao G r_Eo/-F/ the value of [ac^c' ■ cte',c ■ ct^] ■ P"{^\](o')(ao) is 
given by the product of the three terms 



n [krjKicr) ■ akrjKi<J-'b) ■ kr^Kih)-^] 



6i— >-an 
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nh(a,«)-cr(a,z;)"i][^^^°l/", 

V 

where the products run over b e Tj^/p, a E ^E/Ff arid v G T^/e- 

Using C{' {a, v) ■ C{(cr, v)^^ = rjK{cr) ■ ariK{v) ■ rjKicrv)^^ and rearranging terms, 
we obtain 



n [akr]E{o- ^a)-kriE{a) ^ 



VEi<y) 



To deal with this expression, we need the special properties that tjk and tje 
have thanks to the fact that the pairs {t, e) and (t', e') are nice. These special 
properties are given by the following equations, whose derivation we leave to 
the reader. 



VK{y ■ s'j.{x)) ^T]K{y) -ynKSrix) ■ ci(y,r]T(x)), Vy G rK/E,x G Te/f- 
i1e{x) = Y\_ ^'VKs'rix) ■C{{v,ijr{x)), Vx G T^/i^. 

Using these properties, the above expression reduces to 

n [ahjKi<J-'bykr^K{b)-']- J] ['yk,jEi<y-'aykriEia)-T'-l[^mivy<yVKivr')^'''-''''^' 

This is the coboundary of the element of Re given by 

by-^ao at— ^an v 

We will be done once we show that this element belongs to Uc- For this, we 
take it to the n-th power and using the properties of i]k and tje we compute 

= n '^^(^)' n n^^'^^'^rW ■C{(w,^r(a;)) •?7k(u))" 

bi-^ao ai— J-ao v 

= n ''^<W- n UvKivs'Aa))-' 

bi-^ao ai->ao v 

= 1. 

D 

We can now complete the definition of the functor <&. Given arbitrary elements 
i G lK/Ko/F,m and e G ^E/En/F.n there is a unique map fi — ;• e, and in order to 
define the image of this map under $, we choose a section sr : ^e/f -^ ^k/f 
and a pair of sr-nice elements i' G IK/Ko/F.m and e' G lE/Eo/F,n and declare 
that 

$({ ^ e) = $(«' ^ «) o $(e' -^ «') o $(e ^ e'). 

According to Lemma 14.61 the right hand side is independent of the choices of 

Sr, t' and i'. 
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Proposition 4.7. The above construction provides a functor $ : I ^- £". 

Proof. We need to check that $ is compatible with composition of morphisms. 
Lemma fOl and the construction of $ guarantee that $ respects the composition 
of two arrows as long as the three objects of I involved belong to at most two 
layers. It thus remains to check the case that all three objects belong to different 
layers. Moreover, it will be enough to check a single triple of objects for any 
given triple of layers. Thus let lE/Eo/F,n, ^K/Ko/F,m, and Il/Lo/f,o be three 
distinct layers, and assume that there are morphisms from objects of the third 
to objects of the second and from objects of the second to objects of the first. 

We now fix splittings Sp : Te/f -^ ^k/f and Sp : T^/p — > Tl/f with the 
properties 



1. sf (y) G Tl/e for all y e Tk/e- 



2. sf (y • sf (x)) = s^{y) ■ sf (sf (x)) for all y £ Tk/e, x G Ve/f- 



Then for every element 7 e F^/^ there are unique elements z E Tl/k, y G 
^K/E, X e Te/f such that 

j^z-s^{y).s^{s^{x)). 

Choose a splitting sl ■ T^/p -^ Wp/p satisfying 

sl{z ■ s^iy) ■ #(sF(x))) = Si(z) ■SL{s^^{y))- SL{s^'{4{x))l - 

We then obtain splittings sk ■ T^/f ~^ Wk/f and se ■ Te/p — > We/f by 
setting 

Sk = T^K ° sp o s-p and sp ~ t^e ° ■''L o sp ° *r ' 
where tt^ : Wp/p -^ Wk/f and iTp : Wp/p — )• Wp/p are the natural projec- 
tions. 

Finally, choose a section I : F -^ F of the o-power map. We now obtain the 
objects 

[ := (/, Sp) e Ip/p„/p,o t := {1~,sk) G Ik/Ko/f,^ e := ik~,sp) G Ip/E„/p,n 

and one can check that ([, t) is a Sp -nice pair, {t, e) is a Sp -nice pair, and (1, e) is 
a s^-nice pair. 

The proof will be complete once we show that 

where p : U{ — s- Uc is the map defined in equation | |4.7|| . Recalling the explicit 
description of the a's involved, we see that for cr G F and aq G Tp^/p the value 

of (pai^i + a{,c — Q;[,c)(o')(ao) is equal to 

"eTi/E v£Tk/e veTi^/K 

According to Lemma l44l the middle term is equal to 

and this shows that in fact the value of (pai.c + a{,c — at.c)(o')(ao) is equal to 
1. ' D 
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4.3 Definition of Z^{u^W,Z ^ G) and H^{u^W,Z ^ G) 

Having constructed the functor $ : I — s- 5 in the previous subsection, we 
are now in the position to construct the functors Z^{u —^ W, Z -^ G) and 
H^ [u ^ W,Z ^ G). Let A be the category of monomorphisms Z ^ G defined 
over F, where G is an algebraic group, Z is a finite multiphcative group, and 
the morphism embeds Z into the center of G. For two such objects Zi — > Gi 
and Z2 — )■ G2 we define the set of morphisms A{Zi — > Gi, Z2 — > G2) to be the 
set of commutative diagrams 



Gi s- G2 

where the horizontal maps are morphisms of algebraic groups defined over 
F. Since F has characteristic zero, such a diagram is determined by its bottom 
horizontal arrow. We are going to define two functors from the category A into 
the category of sets, and we will call them Z^{u — ;■ W, Z ^ G) and H^{u — !> 

W,Z-^G). 

If u' -^ W is an object of £, any F-module M (which we always assume to be 
discrete) is also a ly'-module, and we denote the set of continuous 1-cocycles 
of W with values inMhyZ'^(W', M) . Given [Z ^ G] G A, we define Z^{u' ^ 
W , Z ^ G) to be the subset of Z^ (W', G) consisting of those elements ^ whose 
restriction to u' is equal to the composition of a morphism of algebraic groups 
u' ^ Z with the given monomorphism Z — ^ G. Since we have assume that 
F has characteristic zero, the morphism u' — > Z is uniquely determined ^. 
Inflation from F to W' gives 

B\W', G) = B^{V, G) c Z^{T, G) c Z^{u' -^W ,Z ^ G) 

and we put 

Zi(u' ^W\Z^G) = Z^{u' -^W.Z ^ G)/Si(W, Z). 

H^{u' -^W\Z^G)= Z\u' -^W',Z^ G)/B^{W', G). 

We have 

H^{u' ^W',Z^G) cH^iW',G). 

Given another object u" -^ W" of £, any group homomorphism / ; W" -^ W 
which restricts to an algebraic homomorphism u" — > u' provides maps of sets 

Z^{u' ^W',Z ^G) -^ Z\u" ^W",Z ^G), 

Z\u' -^ W' , Z ^ G) -^ Z\u" ^W",Z ^G), 

H\u' -^ W' , Z ^ G) -^ H^{u" ^W",Z ^G). 

If we conjugate / by an element of u', the first of the above three maps could 
change, but the other two remain the same. Thus, we obtain functors 

Z\H^ :£ x^^Sets. 

Composing these functors with ^ : I ^ £ and taking the colimit over I, we 
obtain functors 

A -)■ Sets 
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which we will call 

Z\u -^W):[Z ^G]^ Z\u ^W,Z ^G) 

and 

H^{u -^W):\Z ^G]^ H^{u^W,Z ^ G). 

It is clear that when G is abelian, the sets Z{u -^ W, Z ^ G) and H^{u — !> 
W,Z^G) are both abelian groups. We will soon show that when G is reduc- 
tive the H^ [u ^ W, Z ^ G) is in fact a finite abelian group. 

Given an object e G I, write [uc -^ Wc] for its image under $. Let e, { e I be 
such that there exists an arrow t ^- e. Given [Z — > G] e A, this arrow provides 
a map 

Z\u, -^Wc,Z ^G) -^ Z^{ut -^Wt,Z ^G) 

and one checks right away that if z^ maps to Zf under this arrow, then w i— ?> 
g~^z^{w)w{g) mapsto to w i— > g^^ zt{w)w{g) for any g G G. Here w{g) denotes 
the action of W,. or W^ on G given through the quotient map to F. Thus, for 
z G Z^{u ^ W,Z ^- G) and 5 £ G it makes sense to talk about g^^z{w)w{g). 
Moreover, zi, Z2 G Z^ [u ^ W, Z ^f G) satisfy Z2 = g^^ zi[w)w{g) if and only if 
their images in H^{u —> W,Z ^- G) are equal. 

Remark: It is tempting to try to define H^ [u -^ W) by first taking the limit of 
the functor <I>, which would give an object [u -^ W] G £ (where we must now 
allow £ to contain extensions of F by pro-algabraic multiplicative groups), and 
then defining H^{u — > W) with respect to that object. The problem is that 
the category E is not complete - it already lacks equalizers - so the question 
of existence of such a limit is somewhat subtle. Assuming this were possible, 
a further temptation would be to replace £ by the category £' of extensions 
u ^ W where a morphism [u' — > W] -^ [u" -^ W"] is a group homomor- 
phism W' -^ W" restricting to a homomorphism of algebraic groups u' — > u" 
and inducing the identity on F, but where two such morphisms are not iden- 
tified if they are conjugate under u". Of course, ^ : 2 ^ £' would not respect 
composition. However, £' is a strict (2, l)-category, and one could try to up- 
grade $ to a lax functor. This is possible when $ is restricted to a single layer 
in I, but it is not immediately obvious how to do it on all of I. Since both of 
these question would be of esthetic, but not technical importance, I have not 
pursued them further. 



4.4 Basic properties of H^{u-^W,Z ^ G) 

In this subsection we will collect some basic properties of the cohomology 
groups i7^(u — > W,Z — > G). We begin by making some simple observations 
that will be useful in the following. For any \Z ^^ G] E A and e G I, the 
inflation-restriction sequence associated to the extension 

and the F-module G provides an exact sequence 

1 ^ iJi(F, G) ^ H^{u, ^W,,Z ^G)^ nowi{u,,Zf (4.10) 

which can be continued by H^iT, G) is G is abelian. Here Hom(Ui;, Z) denotes 
the set of homomorphisms of algebraic groups. 
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Now let £ £ I be another object such that the arrow ? — !> e exists, and let u 
be the kernel of p : uj — > e (recall 1 14.71 ). Then u is also the kernel of the map 
^{t ^ t) : We ^ W^ and the inflation-restriction sequence associated to the 
extension 

and the F-module G provides an exact sequence 

1 -^ H\u, -^W,,Z ^G) -^ H^{ui ^ We,Z ^G) -^ Hom{u, Zf . (4.11) 

Consider the directed system of objects Z/nZ[r£;^/^], where n runs over the set 
of natural numbers and Eq/F over the set of finite Galois-extensions contained 
in F, and maps 



Z/nZ[rEo/F]^^/mZ[rKg/F], [ao]i-^— ^ [6o], 

bo^ao 



for any n\m and Eq c Kq. Call its limit AI. Let u^o be the multiplicative pro- 
algebraic group with X*{uoc) ~ AI. One can think of Uqo as the inverse limit of 
the system u^ with transition maps given hy p : ue ^ u^ as defined in equation 
||4.7|| . If the limit of $ existed, it would be an extension of F by Uoo- 

Proposition 4.8. Let [Z ^ G] e A. For any e = (E/Eq/F, n, fc, s) e I such that 
Z splits over Eq and the exponent of Z divides n, the natural maps 

Hom{uc, Z)^ — > Hom{uao, Z)^ 

and 

H\u, -^W„Z ^G)^H\u^W,Z ^ G) 

are bijections. In particular, the set H^{u -^ W,Z ^ G) is finite. 

Proof. It is clear that the set of e satisfying the condition is a cofinal subcate- 
gory of I. By this we mean that any object of I receives an arrow from an 
object in that subcategory. It will thus be enough to show that if e, t are two 
such objects for which there exists a morphism t ^- e, then the induced maps 
Hom(ue, ZY -^ Hom(w(, Zf and H^^u, -^ W,,Z ^ G) ^ H^{ue ^We,Z ^ 
G) are bijections. 

The bijectivity of the first map is equivalent to the bijectivity of the map Homr {X* {Z) , X* {uc)) 

Homr {X*{Z) , X* (ut)) given by composition with X*{p). This map fits into the 

diagram 

UomriX*{Z),X*{u,)) ^ Homr(X*(Z),X*(u()) 



Homz(X*(Z), Z/nZ) ^ Homz(X*(Z), Z/mZ) 

where the vertical maps are the isomorphisms given by Frobenius reciprocity 
(here we are using that Z splits over Eq), and the bottom horizontal map is 
given by the natural map Z/nZ — > Z/mZ. By assumption, the bottom horizon- 
tal map is bijective. 

For the bijectivity of H^u, -> W„Z -^ G) -^ H^ut -^ Wt,Z -^ G), we 
note that the image of the last map in the inflation-restriction sequence (|4.111 
is contained in the image of the restriction map Hom(Mt, ZY -^ Hom({t, ZY . 
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However, we have just shown that any element of Hom(u{, Z)^ comes from 
Hom(Mc, Z)^ and thus maps trivially to Hom(u, Z)^. 

n 

Proposition 4.9. Let [Z ^- G] £ A. Put G = G/Z. Then we have the commutative 
diagram with exact rows and columns 



Inf 



1 ^ H\T, Z) — '-^ H\u^W,Z ^ Z) -^^ Hom{u^,Z) 



Inf 



1 ^ iJi(r, G) — -^ H^{u^W,Z ^ G) -^^ Hom{uoo,ZY > 



H\T,G) 



^H\r,G) 



^HHT,Z) 



where * is to he taken as H^{T, G) ifG is abelian and disregarded otherwise. 



(4.12) 



Proof. Let us first discuss the middle row. For two objects e,{ G I satisfying 
the conditions of Proposition 14.81 and having an arrow t — > e, the inflation- 
restriction sequence (|4.10l l provides the rows of the diagram 



1 s- i/i(r, G) ^ H\u, -^W,,Z ^ G) s- Hom(uc, ZY{ ■ 



^H\r,G) 



ij2(r,G)) 



■ H^ue -^W,,Z ^ G) ^ Hom(u(, Zf{ ^ H'^{T, G)) 



We claim that this diagram commutes. The commutativity of the left and mid- 
dle squares follow from the construction of the second vertical map, i.e. from 
the construction of the functor <&. The right square, indicated in parenthesis, 
will only be considered in the case where G is abelian. In that case, the horizon- 
tal arrows can be taken to be the negatives of the transgression maps. We recall 
from INSWi 1.6.5] that the image of e Hom(uc, Z)^ under the transgression 
map is represented by the differential of the 1-cochain 

c:W,~^G, c(.tHct) =0(.t). 

This differential is equal to 4>{£,<:)^^, and we thus see that the negative of the 
transgression map sends 4> to 4>{£,c)- Since the left vertical arrow in the right 
square is given by precomposition with p, the commutativity of that square 
follows from Lemmas 14.21 and 14.51 which assert thatp(^{) and ^c are cohomol- 
ogous. This establishes the commutativity of the diagram, and passing to the 
limit over all c we obtain the middle row in the diagram of the proposition. 

The argument for the top row is the similar but easier, so we omit it. The bottom 
row is the long exact sequence for F-cohomology of the short exact sequence 
1—^Z^G—?'G-^1. The second column comes from the long exact sequence 
for VKc-cohomology associated to the same short exact sequence. 
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Consider now the third column. The map b comes from the following diagram 

Hom{u,,Zf 



HHT.Z) 



nom{ui,ZY 

where the top diagonal arrow sends (/> G Hom(uc,Z)'^ to 0(Cc)/ the bottom 
diagonal arrow sends G Hom(u{, ZY to 0(Cf ), and the vertical arrow is pre- 
composition with p Il4.7b . As we have just argued, the commutativity of this 
triangle follows from Lemmas 14.21 and 14.51 We now claim that the diagonal 
maps are surjective. By Poitou-Tate duality, the pairing 

H\V, Z) ® H'^ir, X*{Z)) ^ H^{T, A*„) ^ -Z/Z, (C, x) ^ -invFix ° 

n 

is perfect, where n is any multiple of the exponent of Z. Pulling back this 
pairing under the map Hom(uc , Z)^ -^ H^ (F, Z) we obtain the obvious pairing 



■ Hom(uc,G„i)'^ 



Hom(uc, Zf (g) H"{r, X*{Z)) 



Hom(^„e, ^) ® ff°(r, X*{Z)) ^ Hom(Ai„, , ( 



^Z/Z 

Tie ' 



The right kernel of this pairing is trivial, and this implies the claimed surjectiv- 
ity. This in turn implies the surjectivity of the map b. 

Turning to the commutativity of the diagram in the statement of the proposi- 
tion, we have already established the commutativity of all squares in it except 
for the bottom middle one. For that we need to argue that for any e G I that 
satisfies the conditions of Proposition |4.81 the square 

H^{u, ^Wc,Z ^ G) ^ Hom(uc, Zf 



H\T,Z) 



H\T,G) 



commutes. Letz G Z^{uc -^ W^,Z — > G). To map z into i7^(F,Z) by going first 
down via a and then across, we need to select an element of C^(F, G) which 
lifts a{z) and take its differential. Now z is a map from W^ — u^ Kl^^ F to G, and 
the desired element of C^(F, G) is given by a i— >^ z(l Kl a). Moreover, using the 
fact that z is a cocycle we compute the differential of that cochain and see 



z{lMaYz{imT)z{lMaTy 



z(lKl(T-lKlr)z(lS(TT)"i 



To complete the proof of the proposition, we need to establish the surjectivity of 
the map a. If G is abelian, this surjectivity follows from the already established 
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surjectivity of b and the four-lemma. For a general G, let R c G be a Levi 
subgroup IPR94i Thm 2.3], and let S c R be an elliptic maximal torus IIFR94[ 
Thm 6.21]. We have Z c S and ^ C G is a Levi subgroup as well and 5* C -R is 
an elliptic maximal torus. Then we have the diagram 

H\u^W,Z ^ S) ^H^{u^W,Z ^G) 



H^{r,S)- 



^H^{r,G) 



We already know that the left vertical map is surjective, and according to IIPR94[ 
Prop. 9.2] and IKot86i 10.2], the bottom horizontal map is surjective. It follows 
that the right vertical map is also surjective. 



D 



Corollary 4.10. Let [Z ^- G] e A and assume G is connected and reductive. 



1. IfG possesses anisotropic tori, then the map H^ {u ^ W, Z ^ G) -^ Hom{uoo , Z)^ 
in Proposition \4.9\ is surjective. 

2. IfScGis an elliptic torus, then the map 

H\u-^W,Z ^ S) -^H\u^W,Z ^G) 
is surjective. 

Proof. The first point follows from the fact that if S is an anisotropic torus, 
then H^(r, S) vanishes, implying the surjectivity of H^{u ^ W,Z -^ S) -^ 
lioTn{uoo,Z)^, and this in turn implies the surjectivity of H^{u -^ W,Z ^ 
G)^Hom(uoo,^)^. 

The second point follows right away from the four-lemma applied to the dia- 
gram 

H\u^W,Z ^ Z) ^ H^iu^W^Z ^ S) ^ H^iT, S) ^ 1 



H^{u^W,Z ^ Z) ^ H^{u^W,Z ^ G) ^ i/i(r, G) ^ 1 



D 



Corollary 4.11. Let G he a connected reductive group defined over F, let Z he the 
center of Gde,y and set G = G/Z. Then hoth natural maps 

H\u^W,Z ^G)^ H^ (r, G) -^H\r, Gad) 

are surjective. IfG is furthermore split, then hoth maps are hijective. 

Proof. The surjectivity of the first map is already stated in Proposition l4.9[ while 
that of the second maps follows from the fact that G is the direct product 
Gad X Z{G)/Z. Assume now that G is split. Then Z{G)/Z is a split torus 
and has trivial cohomology, which accounts for the injectivity of the second 
map. Moreover, the map b in Diagram l|4.12|l is a bijection in this case - it is 
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already surjective and one checks using Poutiou-Tate duality that the orders of 
its source and target coincide. This implies that the map Res in the first row of 
that diagram is trivial, and hence that Inf : i/^(r, Z) ^ H^ {u -^ W, Z ^ Z) is 
bijective. Thus the kernel of the composition 

H^{u^W,Z ^ G) ^ H^{V,G) ^ H^ (T, Gad) 

coincides with the kernel of the map H^ (r, G) -^ H^ (F, Gad), which, according 
to Kottwitz's isomorphism IIKot86[ Thm 1.2] is dual to the cokernel of the map 
Zsc ^ T^o{Z). Since Z^er meets every connected component of Z, the latter map 
is surjective. It follows that the kernel of the composed map 

H\u^W,Z^G)^ H^ (r, G) -^H\r, Gad) 

is trivial. At this point we don't yet have a group structure on the source of 
this map. However, using the proved surjectivity, we can now apply the usual 
twisting argument to conclude that all other fibers of this map are singletons 
as well, which proves injectivity D 



5 The ISOMORPHISM F+.TOR = i?H" ^ ^) 
5.1 Definition of F+ tor 

From now on we will be particularly interested in the subcategories T C 7?, C 
A, where [Z ^ G] <E A belongs to T if G is a torus, and belongs to 7?, if G is 
a connected reductive group. Let [Z ^ S] € T- As before we write S = S/Z. 
Let X = X*{S), X = X*{S), Y = X^{S) and Y = X^S). We have the exact 
sequences 

0^ X ^ X ^ XI X ^0 and O^F^F^ Y jY -^ 

and we will identify X with its image in X and Y with its image in Y . The 
abelian group Y jY is finite and the TL-^divm\<^ between Y and X provides a 
Q-pairing between Y and X which in turn provides a F-equivariant perfect 
pairing 

Y jY ®XIX ^'^1%. 

We will write Y^ and Y^ for the kernel of the norm map for the action of 
the Galois group '^ejf for any finite Galois extension of EjF over which S 
splits. If / C TL\Veip\ is the augmentation ideal, we define Y^{S) = Y/IY. The 
modules Y^ , Y^ and lY are independent of the choice of E, and we have the 
exact sequence 

O^Yr -^Y+ ^ Y/Y ^ 0, 

where Yr = Y/IY is the module of F-coinvariants in Y . 
The following fact is easily observed. 

Fact 5.1. Assume that E/Ea/F is a tower of Galois extensions such that S splits over 
E, Z splits over Eq, and the exponent of Z divides [E : Eq]. Then we have the exact 
sequence 

Q^Y^ ^Y];f ^ Y/Y A Y^/N{Y). 
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Note that the last map of this sequence, as well as its target, do depend on E. 
On the other hand, Yj^ does not depend on E and in fact has the following 
alternative description, which one sees easily. 

Fact 5.2. For any field extension E/F splitting S, we have 

Y_^_ = Y+^tor 



Given a morphism [Zi -^ Si] ^ [Z2 — !> 6*2] in T, the induced morphism Si — > 
S2 gives rise to a morphism X,(S'i)+,tor — > X,(S'2)+.tor- In other words, the 
assignment [Z ^ S] ^^ Y-^.tor defines a functor l+,tor : T -^ FinAbGrp. 

We now want to extend this functor to 7?.. 

Lemma 5.3. Let [Z ^ G] e TZ, and let Si,S2 C Gbe maximal tori. Any g e G(F) 
with S2 ~ Ad{g)Si provides a T-equivariant isomorphism 

Ad{g) : Yi/ilYi + QX) ^ Y2/{IY2 + Q^), 

where % = X^,{Si/Z), Yi = X^,{Si), and Q^ = X^,{Si^sc)- Moreover, this isomor- 
phism is independent of the choice of g. 

Proof. We will first argue that Ad(.g) identifies lYi + QX with IY2 + Qa ■ For 
this it is enough to show that Ad{g)IYi c IY2 + Q2 • Let ^i ^ Y, and consider 
cyi — 2/1 S lYi for some cr e F. If we let w G 17(52, G) be the image of go-(.g~^) G 
N{S2,G) and y2 = Ad{g)yi, we get 

Ad{g)[ayi - yi] = way2 - 2/2 = way2 - cr?/2 + a-y2 ~ 2/2- 

Now ay2 —2/26 1^2, and we claim that u)<tj/2 — o'2/2 £ Q2 • Indeed, the isogeny 
5*2 -^ S2/Z{Gdei) = 5*2, ad X G/Gder providcs an injection with finite cokernel 
Y2 -^ P^ © X, (G/Gder), where P:^ = X,(S'2,ad)- If we write (jy2 = P2 + z 
accordingly, then we have 



wcry2 - 2/2 = iwp2 - P2) e Q 



as claimed IBoul Ch VI, §1, no. 10, Prop 27]. This shows that Ad(5) indeed 
induces an isomorphism 

Ad(.9) : Yi/{IYi + QX) ^ y2/(/>^2 + Q^)- 

Next we show that it is F-equivariant. The isogeny S/Z — s> S/{Z ■ ^(Gder)) = 
'S'ad X G/{Z ■ Gder) provides an injection Fi -> P^^ © X^ (G/Z ■ Gder)- Let yi £ Yi 
and decompose it as yi = pi + z with pi e P^ and z e X^{G/Z ■ Gder)- Letting 
P2 = Ad{g)pi and 2/2 = Ad(.g)yi ~ P2 + z, we have for cr e F 



Ad(.g)<Tyi == u;cr2/2 = {w(Tp2 - ^^2) + cr2/2 e (72/2 



r2. 



Finally, we need to show that any g G N{G, Si) induces the trivial automor- 
phism on Yi / lYi +QX- This however follows from the same argument, applied 
to the image w £ ^{G, Si) of g. D 

We are now ready to extend the functor 

r -^ Fir^bGrp, [Z -^ S] ^ F+^tor 
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to the category TZ. For an object [Z — > G], we define F+,tor([^ — > G]) to be 
the limit of the system \X^,{S/Z)/{IX^,{S) + X*(S'sc))]tor over all maximal tori 
S C G, with transition maps given by Lemma 1531 Given a morphism f : [Z ^ 
G] ^ [C ^ H] in TZ, the map f : G ^ H lifts uniquely to a map fsc ■ Gsc -^ i^sc- 
Choose maximal tori S C G and T a H such that f{S) C T. Restricting / to 
S we obtain a morphism / : [Z ^^ S*] — s- [C — > T] in T and a compatible 
homomorphism Ssc -^ Tsc and hence a map 

[X45'/Z)/(/X,(5) + X4S',c))]tor ^ [X,(T/C)/(/X,(r) + X,(Tse))]tor. (5.1) 

If S" and r' are other choices of maximal tori of G and H with /(S") C T', 
then there exist g £ G and /i e Cent(/ (S'),i/) such that 5" = Ad{g)S and 
T' = Ad{hf{g))T. The commutativity of 

Ad(g) 
S ^^-^S" 



/ 



/ 



implies that the maps /s^t for all possible choices of 5* and T splice together to 
a map 

This completes the definition of the functor 

y+,tor : TZ -^ FinAbGrp. 



5.2 The isomorphism F+ tor -^ H^{u -^ W) 

We now have two functors TZ — !> Sets: the functor H^ {u — > W) defined in Sec- 
tion |431 and the composition of the functor 1^+,tor with the forgetful functor 
FinAbGrp — > Sets. The purpose of this section is to construct an isomorphism 
between these fvmctors. As an immediate consequence, this will endow the set 
H^{u -^ W, Z —^ G) with the structure of an abelian group. Moreover, this 
group structure ^vill be compatible with the group structure on H^{T, G) ob- 
tained by Kottwitz IIKot86[ Thm 1.2] and with the natural group structure on 
Hom(Moo, Z), and the maps in diagram (|4.12t will all become group homomor- 
phisms. 

We begin by restricting both functors to T. For e = {E/Eo/F,n,k,s) G I, 
denote by T(e) the subcategory of T consisting of objects [Z -^ S] for which 
S splits over E, Z splits over Eq, and the exponent of Z divides n. For [Z — ^ 
S] G T, denote by I{Z — > S) the subcategory of 1 consisting of all e such that 
[Z — !> S*] G T(e). It is clear that X{Z -^ S*) is a cofinal subcategory of I, i.e. 
every object of 2 receives an arrow from an object of I{Z — s> S). 

In order to construct an isomorphism F+.tor ^^ H^{u -^ W) of functors T — !• 
Sets, we will construct for a given object [Z — !> 5] G T bijections i[z^s],t '■ 
y+,tor([2' -^ S]) -^ H^u, ^W„Z ^ S) for all e G I(Z ^ S). We must then 
show that these bijections are compatible with the transition isomorphisms as- 
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sociated to any arrow { — > c in I{Z -^ S), i.e. we must show that the diagram 

H\u, -^W,,Z ^ S) " ('i'(t->0) ^ ^1^^^ -^WuZ^ S) (5.2) 

Y+,tor{Z — !• S) 

commutes. Once this is done, the inverses of L[z^s\.t will form a compatible 
system of arrows into l+^tor(-^ -^ S) and thus splice to a map H^{u -^ W, Z -^ 
S) — ?> Y+^toriZ — )> 5"). According to Proposition l4.8[ this map will be a bijection. 

To show that this bijection is functorial, we must prove that for another object 
[C — > T] G T we have the commutative diagram 

y+,tor([^ ^ S]) ''^"'"" ^ H\u, -^W„Z^ S) (5.3) 



y+,tor([C ^ T]) '"'""'■' . H\u, -^W,,C^ T) 

for all e e X(Z ^ 5) n X{C -^ T). 

We now begin to implement this outline. Let e = {E/Eq/F, n, fc, s) e I, and let 
[Z — > S"] G T(c). We have the isomorphisms 

Y/Y -^ Hom(^„, Z) -^ Hom{u„Zf, 

the first one being Il3.1l l and sending A + F to nX, and the second coming from 
Frobenius reciprocity. Let us call the image of A + y under their composition 
(f))^ ,,. We also have the F-equivariant isomorphism (as discussed in Section I4l2l 
specifically equation (|4.21 ) 

Z/nZ[rE„/F] -^ Hom(^„,ii,). 

These two isomorphisms are related as follows. 

Fact 5.4. IfaQ e ^Eo/f ^wrf [oq] denotes the corresponding element o/Z/nZ[F£;„/^] 
and its image in Hom{fin, u^), then 

4>\,, o [flo] = a~'^nX 
as elements ofHom{^„, Z). 
Lemma 5.5. For any A e F whose image in y+ zs torsion, the 1-cochain 

z\,c -W, ^ S, x^<7^ ^A.cl-'^) • (kcc U nX){a) 

is an element ofZ^{uc — > Wc,Z — > S). 

Proof. By definition z^^ ,, is a continuous 1-cochain W^ — ?> 5 whose restriction to 
lie is algebraic and factors through Z. It remains to show that this 1-cochain is 
in fact a 1-cocycle. We compute 

dz-^JxMa,yMT) = (j)-^J^,{a,T))-^ ■d{kc,UnX)ia,T) 

(FactiH) = cj)-^JW^,r))-'-{dkc,UnX){a,T) 

(FactlEl = 0x,c(ec(^,T))-i-<^x,c(*c,U[l]) 

(Lemma 1121 = 1. 

D 
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Remark: It would be useful to have an explicit formula for the value of z^ ^ (xE 
a). We record it therefore here. 






cranX 



Lemma 5.6. The assignment A n- Zj^ ,, provides a well-defined group homomomor- 
pliism 

Hz-.su ■■ Y+,tor{[Z ^ S]) ^ H\u, -^W,,Z^ S). 

If Z = 1, this homomorphism coincides with the Tate-Nakayama isomorphism. For 
any other [C ^fT] ^ T{t), the diagram l|5.3b commutes. 



Proof. Since both (p^ ,, and (fccj U nX) are additive in A, Lemma [5.51 shows that 
the map A n> z^^ ^ is a group homomorphism from the preimage of ?+,tor hi Y 
to Z^{u^ — > VFc, Z — > 5). To show that the map is well-defined, we must show 
that the image of lY under it belongs to B^{T, S). However, if A e F, then 
(/ccc U nX) ~ (cj U A) and the claim follows. 

li Z = 1, then Y ^ Y, and l+,tor = ^r,tor/ and as above (fccj U nX) = (c,. U A). 

The commutativity of diagram (|5.3b also follows by inspecting the definition of 
z^ J, because both (/))^^ and (fccc U nA) are functorial in A. D 

Corollary 5.7. The homomorphism i[z^s],cfiis into the commutative diagrams 
H\T, S) ^ H^u, -^W„Z ^ S) s- Hom(u,,Zf 



Ft 



TAor ■ 



-*" Yifnr ■ 



■Y/Y 



and 



ffi(uc -^W„Z ^S) >-H^ir,S) 



y. 



+ ,tor ■ 



■Y 



r,tor 



Proof. The left square in the top diagram and the bottom diagram are special 
cases of Lemma |531 applied to the objects [1 -^ S],[Z ^ S],[l ^ S] G T(e). 
The right square in the top diagram follows from the definition of z^ ^. D 

Theorem 5.8. The maps i[z^s] c splice to an isomorphism between the functors Y+^tor 
and H^ {u — > W) restricted to the category T- 

Proof. Let us first show that for [Z — > S*] G T(e), the map t[z^5],c is an isomor- 
phism of groups. We consider the diagram 

1 ^ i?i(r, 5) ^ H^{u, -^W,,Z -^ S) ^ Hom(ue, Zf ^ H'^{T, S) 



Yta 



n 



,tor 



■Y/Y ■ 



■ Y^/N{Y) 
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Here the top exact sequence is l|4.101 , the bottom exact sequence con\es from 
Fact l5.ll with N being the norm map for the action of Te/f- The commutativity 
of the left and middle squares comes from Corollary 15. 71 For the commutativity 
of the right square, we use Proposition |4.91 which gives us the diagram 

liom{u,,Zf ^ ij2(r, S) 



whose vertical map is given by ^^ 0(Cc)- Composing this map with Y /Y -^ 
Hom(Me, Z)^ and recalling Fact l5.4[ we obtain the map that sends A G y to 

'/'a,c(^c) = ?^A,c(^^Cc U [1]) = dkcc U nA = az(A), 

where az is the map defined in (13.31 1. The discussion of Section |3] now shows 
that the right square indeed commutes, because it is a piece of the diagram 
given by the Tate-Nakayama isomorphism. The five-lemma now implies that 
the map i[z^s],c is ari isomorphism as claimed. 

Next, we claim that diagram l|5.2l l commutes. By construction, $(6 — > e) is a 
composition of morphisms in £ given by <l>(e' — > c) for objects e', e G X belong- 
ing to the same layer, as well as ^{t -^ e) for objects t, e G I which are nice, so 
it suffices to treat these two cases. 

hi the case that e' = {E/Eq/F, n, k' , s') G X belongs to the same layer as e, the 
morphism <i>(e' — > e) : u,.' Kl F — > Uc K F is given by x Kl cr H> xac',c(c) Kl a with 
ac',c{cr) defined in l |4.3|l . According to Fact l5.4l and Fact l4.11 we have in C^ (T. S) 
the equality 

d>l . o ac' t — (k'cc' U nX) ■ (kc^ U nX)~^ ■ dikn U nX)~^ 

E/F E/F E/F 

and the commutativity of l|5.2|l follows in that case. Next consider an object 
i = {K/Kq/F, m,l,t) G X and assume that (J, e) is a pair of sr-nice objects for 
some section sr : ^e/f -^ ^k/f- In that situation the morphism $(t — > c) : 
ut Kl F — >• Me Kl F is given hy xMa i-^ p{x) ■ at.c{cr) K a with p defined by l|4.7|l 
and at,c{a) defined by (|4.6|l . We have in C^ (F, S) the equality 

0x f ° «( c = (ce U nX) ■ (cr U nX)~^ . 
^'' ^ K/F ' ^ E/F ' 

Here we have used that the U^/f^-product of the chain {a, r) m- Jluer ^'^e (''"' ^) 

with nX is trivial, because nX belongs to F^. Since 0x t[pi.^)) ~ 4'x i{^)' th^ 
commutativity of l|5.2|l follows in this case as well. 

As discussed in the introduction to this subsection, the bijectivity of t[z->s],c/ 
the commutativity of | |5.2| |, and the commutativity of I l5.3b which was shown in 
Lemma [5.61 imply the statement of the theorem. D 

We will now show that the functors F+,tor and H^{u — )• W) are isomorphic on 
all of TZ. We begin with the following lemma. 

Lemma 5.9. Let [Z ^- G] £ TZ and let S C G be a maximal torus. For e G I{Z -^ 
S), the fibers of the composition 

Y+jor{Z ^ S) -^ H^{u, -^W,,Z -^ S) -^ H\u, ^ W„ Z ^ G) 

are torsors under the image of X^{Ssc)r,tor- 
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Proof. The usual twisting argument reduces the question to studying the fiber 
of the given map over the trivial element. Any element of H^ {u^ -^ W,., Z -^ S) 
that maps to the trivial element of H^{u^ — ;■ W^, Z ^ G) belongs to the image 
of the embedding H^{T, S) -^ H\u, -^W,,Z ^ S). Using Corollary |57l we 
are thus reduced to studying the fiber of the map 

over the trivial element. According to IIKot86[ Thm 1.2], the map H^{T, S) -^ 
H^ (r, G) is dual to the map 

MZ{Gf)^T:^{S^). 

The cokernel of this map is equal to ttq^S^ /Z{GY) and this is a subgroup of 
■Ka{[SlZ{G)Y). It follows that dually the map H^{V, Ssc) ^ H\T, S) surjects 
onto the kernel of H^ {T, S) -^ H'^ (T, G). The lemma follows. D 

Lemma 5.10. Let [Z ^ G] e TZ and let 81,82 C G be maximal tori. Let e G 
I{Z -^ Si) n I{Z -^ S2) and g e G(F) with Ad{g)Si = 82. lf\ £ Y^^ are such 
that X2 ~ Ad{g)Xi, then the images o/t[z->Si],c('^i) ^^^^ '-[2-^52], c('^2) in H^{u^ — >■ 
Wc,Z -^ G) are equal. 

Proof. Write c = (E jE^jF, n, k, s). Because for any { — ;> e the diagram 

Y+MSr) ^ H^iuc -^W,,Z^ 8i) ^ i/i(«c ^ W„ Z^G) 



H^{uf -^W(,Z ^ Si) ^H\u( -^W(,Z ^G) 

commutes and the vertical maps are bijections (Proposition 14.81 Theorem |5.8t , 
we may without loss assume that n is as large as we want. Consider the isogeny 

8^/Z -^ Sr/{Z ■ Z(Gder))- K provides an injection % -^ P^ ®_X^{G/Z ■ Gder), 
where P^ = -'^♦(■S'i.ad)- Write Ai = pi + z accordingly. Then A2 = P2 + z with 
P2 — Ad{g)pi. The map Z{G)° — ;■ G/Z ■ Gder is an isogeny and leads to an 
injection X,(Z(G)°) — > X^{G/Z ■ Gder) with finite cokernel. We choose n large 
enough so that npi G Qi = X^,{Sl^sc) and nz G X,(Z(G)°). By construction 
(Lemma 15. 5b , we have 

Zx. c{xMa) — ipx. cix) ■ [kcc U npi]{a) ■ [fccc U nz]{a). 

We have 

0Ai.c(a;) == 0A2,c(a;) e Z and [kc, U nz]{a) G Z{G)°. 

On the other hand, [fccj U npi] (a) G Gsc and it will be enough to find an element 
h G Gsc such that 

[kcc U np2]{(T) = h~ ■ [fccc U npi]{(T) ■ a{h). 

To abbreviate, write Cj — kc^Unpi G G^(r, S'j.sc)- Theimageof ci inG^(r,S'i^ad) 
is equal to c^ Upi and is thus a 1-cocycle, so we can twist the F-structure on G^c 
using it. We call the twisted structure G\^. We claim that 

C2-c^^(^Z\T,Gl). 
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For this, we compute the coboundary at {a, r) and obtain 

[C2(a)ci(a)-i] • ci(a)a[c2(T)ci(T)-i]ci(a)-i • [c2(aT)ci(aT)-i]-i 

= C2(cr)crC2(T)[crCl(T)"^Cl((T)"^Cl(CTT)]c2((TT)"^ 

The three bracketed factors in the second line belong to Si,sc and we can re- 
arrange them, obtaining dci{a,T)^^. This is an element of Z'^{r, Z{Gsc)) and 
can be pulled in front of the other terms, which themselves produce dc2{(J, r). 
However, by Fact 14. II we have 

dci = dkcc U npi = dkc^ U np2 = dc2 , 

because the images of pi andp2 under the maps P^ -^ P^ /Q^ — > Hom(^t„, Z) 
coincide. This proves the claim that C2 • c^f ^ £ Z^{T,Gl^). According to Kneser's 
theorem, there exists h G Gsc such that 

C2{o-)ci{ay^ = h^^ ci{a)cr{h)ci{a)^^ 

and the proof is complete. D 

Theorem 5.11. The functors Y-^jor and H^{u -^ W) are isomorphic. 

Before we begin the proof we need one bit of notation. Given a free Z-module 
M of finite rank, a submodule L c M will be called primitive if M/L is torsion- 
free. This is equivalent to saying that L is a direct summand. The primitive hull 
of a submodule L c M is the (necessarily unique) submodule L' c M which 
is primitive and contains L as a submodule of finite index. It exists. 

Proof. Let [Z ^ G] e TZ, let 5 c G be an elliptic maximal torus, and let e G 
I{Z — > S). Then according to Corollary 14. lOl the map 

Y+,tor{Z -^ S)^ H\u, -^W„Z ^S) ^ H\u, -^W„Z -^ G) 

is surjective and according to Lemma [5. 9 1 it descends to a bijection 

F+,tor(^ ^ S)/X,{Ssc)T,tor ^ H\u, -^W,,Z^ G). 

We claim that 

Y+^,oAZ ^ 5)/X,(5sc)r.tor = [XAS/Z)/{IX,{S) + X,{Ssc)%or- (5.4) 

Indeed, already without the assumption that S is elliptic the natural map 

X,{S/Z)'' /{IX,{S) + X^iSsc)"") ^ [X,{S/Z)/{IX,{S)+XASsc))] 

is injective and its image is finite, thus contained in the torsion submodule of 
its target. Here N is the norm map for the action of T^/p. The preimage of the 
right-hand side of ^M in X^S/Z) is the primitive hull of IX^{S) + X^{Ssc)- 
The assumption that S is elliptic ensures that X^,{Ssc) is killed by N, and so 
IX^{S) + X^,{Ssc) C X^{S/Z)^ . Since this is an inclusion with finite cokernel 
and X* [S/Z]^ is primitive, the equality in ( |5.4| | follows. If S' is a second elliptic 
maximal torus of G and g S G{F) is such that 5' = Ad{g)S, then Lemmas 
and lS.lOl imply that we have a commutative diagram 

[XAS/Z)/{IX^{S)+XASsc))]xor 

Ad(3) H^{u,^W,,Z^G) 

[xAS'iz)i{ixAS') + x^s'^Mor 
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By definition of 1+ tor(^ ^ G), the diagonal bijections in the above diagram 
spHce to a bijection 

The commutativity of diagram l|5.2l l proved in Theorem l5.8l shows further that 
the system of these bijections indexed by e spHces to a map 

Y+^toAZ -^G) ^ H^{u -^W,Z ^ G), 

which according to Proposition 14.81 is itself bijective. The functoriality of this 
bijection follows from the commutativity of 



-^ Y+,tor{Z ^ G) 



y+,tor(^ ^ S) 



H^{u^W,Z ^ S) ^H^{u^W,Z ^G) 

which holds by construction of the right vertical map, as well as the already 
established functoriality of the isomorphism between the fimctors i+,tor and 
H^{u — > W) upon restriction to T. D 

Corollary 5.12. The isomorphism 

fits into the commutative diagrams 

H\T,G) ^ H\u^W,Z ^G) ^ Hom{uoo ,Zf 



Y+,or{l ^ G) Y+,t,,{Z ^ G) 



Y/Y 



and 



H^{u->W,Z ^G) ^Hi(r,G) 



Y+^t,r{Z ^ G) 



■ y+,f„,(i^G) 



Proof. This follows from Corollary l5.7l 



D 



6 Applications to the local Langlands conjecture 



6.1 Rigid inner twists 

Let G be a connected reductive group defined over F and let Z denote the 
center of Gder- Then [Z ^ G] £ Tland the sets Z^{u -^ W,Z -^ G) and 
H^{u ^ W,Z ^ G) are defined. Set G = G/Z. The natural projection G ^r G 

induces maps Z^{u -^ W,Z ^ G) ^ Z^{T,G) -^ Z^{T,G^i) and H^{u ^ 
W,Z^G)^ H\T, G) ^ iJi(r, Gad). 

Recall that an inner twist of G is an isomorphism (_ : G ^ G' defined over F 
between G and a connected reductive group G' defined over F such that for 
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any a G T the automorphism ^~^(t(^) of G is inner. An isomorphism between 
inner twists (,i : G ^ Gi and ^2 : G — > G2 is an isomorphism / : Gi — ?• G2 
defined over F and having the property that ^2^ ^ o / o ^^ is an inner automor- 
phism of G. The set of isomorphism classes of inner twists is in bijection with 
HHT,G,i). 

By a rigid inner twist (^, z) : G — !> G' we will mean an inner twist S, : G ^f G' 
and an element z G Z^{u -^ W,Z -^ G) having the property that for all <t G F 
we have 

rMO=Ad(z(a)), 

where z G Z^(V, Gad) is the image of z. An isomorphism between the rigid 
inner twists (^1,21) : G -^ Gi and (^2,^2) : G — > G2 is a pair {g,f), where 
g G G{F) satisfies Z2{w) ~ gzi{w)w{g~^) and / : Gi — > G2 is an isomorphism 
defined over F fitting into the diagram 




The set of isomorphism classes of rigid inner twists is in bijection with H^ {u -^ 
WjZ—i'G). We have the following trivial but important fact. 

Fact 6.1. Every automorphism of a rigid inner twist (^, z) : G —> G' is given by an 
inner automorphism by an element ofG'{F). 

According to Corollary 14. Ill for every inner twist £^ : G ^ G' there exists z G 
Z^{u -^ W, Z ^ G) such that (^, z) is a rigid inner twists. If G is split then the 
map (^, z) h-> ^ sets up a 1-1 correspondence between the set of isomorphism 
classes of rigid inner twists and the set of isomorphism classes of (ordinary) 
inner twists. If G is not split, than finitely many isomorphism classes of rigid 
inner twists map to the same isomorphism class of a given (ordinary) inner 
twist. 

A rigid inner twist (.J, z) is pure if z is inflated from Z^{T, G). The pure rigid 
inner twists correspond exactly to the pure inner twists of BKallll §2]. 

Now let (C, z) : G ^ G' be a rigid inner twist. Let S G Gsr{F) and S' G G^,(F) 
be such that ^(S) and 6' are G'{F) conjugate, and let S and 5" be their central- 
izers. We will say that S and S' are stably-conjugate. Choose g G G such that 
^{gSg^^) = S'. One checks that 

[w K^ g-^z{w)w{g)] e Z\u ^ W, Z ^ S), 

and that the class of this element in H^{u ^>- W,Z-^ S) is independent of the 
choice of g. We call this element mv{S, S'). The usual argument (e.g. BKallll 
Lemma 2.1.5]) shows that for a fixed 6 G Gsr{F) the map 

6' ^ inv((5, S') 

sets up a bijection between the set of G'(F)-conjugacy classes of elements S' G 
G'{F) which are stably-conjugate to S and the fiber of H^{u -^ W,Z -^ S) ^■ 
H^{u^W,Z^ G) over the class of z. 

One also checks easily the following fact. 
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Fact 6.2. Let (g, /) be an isomorphism from (^1,2:1) : G — > Gi to (^2, Z2) : G ^ G2 
Lets S Gsr(F) and 5 1 S Gi,sr{F) be stably-conjugate. Then 

inv{5,5i) = inv{SJ{5i)). 



6.2 Refined endoscopic data and transfer factors 

Let [Z ^ G] G TZ and let G be a complex Langlands dual group for G. The 

isogeny G ^ G dualizes to an isogeny G -^ G. Let Z be the kernel of the latter 

isogeny We let 2^(G)+ denote the preimage of Z{G)^ in Z{G). In this way one 
obtains a functor 

Te^FinAbGrp, [Z ^ G] ^ tto{Z{G)+)*, 

where * denotes Pontryagin-dual. 

Proposition 6.3. Thefrinctors 7ro(Z(G)+)* and Y+^tor ^i'e isomorphic. 

Proof. For every maximal torus S c G there exists a canonical embedding 
Z{G) -^ S and analogously a canonical embedding Z{G) — > S. These embed- 
dings provide the identification X*{Z{G)) = X*iS)/X*{[S]^d) and the anal- 
ogous one for Z{G). The exact sequence 1 ^ Z — > Z{G)^ -^ Z{G)^ then 
transforms under X* to the exact sequence 







X*{S) 
X*{[S] 



ad; 



X*{S) 
X*{[S] 



adj 



X*{Z)^0, 



where the middle term is by definition the quotient of X*{S)/X*{[S]ad) by the 
image of /(X*(S')/X*([S']ad))- Passing from 5 to 5 we see that this quotient is 
equal to X^{S)/{X^{Ssc) + IX^{S)). We conclude that 

Mz(0)+r - [x,{s)/{x,{Ssc) + ix4smor- 

The canonicity of the embedding Z{G) -^ S implies that the above isomor- 
phisms for all choices of S splice together to provide the isomorphism stated 
in the proposition. D 

Corollary 6.4. There is a perfect pairing 

H^{u^W,Z ^G)® 7ro(Z(G)+) ^ Q/Z 
fiinctorial in [Z ^ G] e TZ. 

In the situation that Z ~ Z{Gdei)r we have G = Gad x G/G^er and consequently 
G = [G]sc X Z{G)°. Note that if G is split, this implies 7ro(Z(G)+) = Z{[G] 
which is in accordance with Corollary l4.11l 



scA 



Our next task is to show how any fixed normalization of the endoscopic trans- 
fer factor of Langlands and Shelstad ILS87I for the group G extends to a nor- 
malization of the transfer factor for any rigid inner twist of G. Before we can 
address this issue, we need a slight refinement of the notion of endoscopic 
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datum. We begin by recalling that notion, following IILS87I §1.2] and IIKS99[ 
§2.1]. An endoscopic datum for G is a tuple {H, H, s, rf), where H is a quasi- 
split connected reductive group defined over F; T-C is a split extension of Wp 
by H such that the homomorphism Wp — > Out{H) provided by this extension 
is identified with the homomorphism Wp -^ Out{H) provided by the rational 
structure of H via the natural isomorphism Out{H) = Out{H); s G Z{H) is 
a semi-simple element; ?/ : H — > ^G is an i-embedding mapping H isomor- 
phically to Cent(77(s), G)° and s e Z{H)^ ■ r]~^{Z{G)). An isomorphism from 
{H, H, s, rf) to another such tuple (iJ', H', s', 77') is an element g E G satisfying 
the following two conditions. First, gij{'H)g~^ — r]'{T-L'). Write ji : H ^ H' for 
the isomorphism determined by Ad{g). The second condition is that /3(s) and 
s' become equal modulo Z{H'Y'° ■ ^'-i(Z(G)). 

Given an endoscopic datum {H,H,s,rj) of G, we may replace it by an equiva- 
lent one and assume that s E Z{H)^ . Furthermore, there is a canonical embed- 
ding Z{G) -^ H and we may form H ~ H/Z. The isogeny H ^ H dualizes to 

an isogeny H ^ H and we obtain as before Z{H)^ w^hich is the preimage of 
Z{HY under that isogeny. 

We now propose the following refinement of the notions of endoscopic data 
and of an isomorphism of endoscopic data. A refined endoscopic datum is a tu- 
ple (H, H, s, if) where H and T-L are as before; s is an element of Z{H)^ , whose 
image in Z{H)^ we denote by s; and ij is again as before. It is obvious that 
a refined endoscopic datum {H, H,s,ri) gives rise to an (ordinary) endoscopic 
datum (H, H,s,rj) and we argued that up to equivalence every (ordinary) en- 
doscopic datum comes from a refined one. An isomorphism of refined endoscopic 
data between {H, H, s, rj) and {H', V.', s', 77') is an element g E G satisfying the 
following two conditions. First, grj{'H)g^^ = ri'{'H'). Write j3 : H ^ H' for 
the isomorphism determined by Ad(g). This isomorphism lifts uniquely to an 

isomorphism /3 : i/ — > H' . The second condition is that j3{s) and s' become 
equal in 7ro(Z(F')+). 

Clearly, an isomorphism of refined endoscopic data induces an isomorphism 
between the corresponding ordinary endoscopic data. However, the converse 
is not true - two non-isomorphic refined endoscopic data may give isomorphic 
ordinary endoscopic data. Indeed, the requirement imposed on an isomor- 
phism of ordinary endoscopic data is that j3{s) and s' be equal in a quotient of 
'Kq{Z{HY), while the requirement for an isomorphism of refined endoscopic 
data is that /3(s) and s' are equal in 7ro(Z(_ff)"'"), and the latter surjects onto 
'Kq{Z{HY) with finite kernel. It follows that every isomorphism class of or- 
dinary endoscopic data can be refined in only finitely many ways up to iso- 
morphism. We will see that this new notion of an isomorphism is necessary 
in order for the value of the endoscopic transfer factor we are about to define 
to be invariant under isomorphisms of endoscopic data. This is related to the 
problem discovered by Arthur IArt06[ §3] that an absolute transfer factor for a 
non-quasi-split connected reductive group will not be invariant under all au- 
tomorphisms of the (ordinary) endoscopic datum. Our stricter notion of an 
isomorphism alleviates this problem. 

We now proceed to show how rigidified inner twists provide the means to ex- 
tend normalizations of transfer factors. For this, we take G to be a connected 
reductive group defined and quasi-split over F, Z the center of the derived 
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subgroup of G, and (^, z) : G — > G" a rigid inner twist of G. Let e = {H, %, s, rj) 
be a refined endoscopic datum for G and let e = {H,'H,s,7])he the correspond- 
ing ordinary endoscopic datum. Unfortunately, the notation e for an endo- 
scopic datum collides with the earlier notation e for elements of I. From now 
on, we will not use e to denote elements of I. Let 3 = (iJ, , 773 ) be a z-pair for 
c. We recall [KS99, §2.2] that iJ, is an extension of H by an induced torus, and 
773 : T-L ^ ^H, is an L-embedding extending the embedding H ^ H, dual to 
the surjection i/^ — ;■ H. Then this data (without the element z) gives rise to 
relative transfer factors for both G and G', which are functions 

A[e,3] : H.^c-sriF) x Gsr(-F) x H.^csriF) x Gsr(F) ^ C. 

A[e,3,^] : H,^G-sr{F) x G^F) x H,,G-sr{F) x G^F) ^ C. 

These function are constructed in IILS87I . See in particular [ LS871 §3.7], where 
their value is called A{jh , 1g ; 1h , 7g ) • We have added the notation in brackets 
to indicate the additional data they depend on. Recall that Ggr is the set of 
strongly-regular semi-simple elements. To explain H^g-st, recall that to any 
maximal torus S C G corresponds a canonical conjugacy class of embeddings 
S ^ G, called admissible. An isomorphism i : S^ — > S from a maximal torus 
of iJ to a maximal torus of G is called admissible, if it is the composition of 

an admissible embedding S^ — > H with the datum 77 and the inverse of an 
admissible embedding 5 — > G. For h G S^ , the element i{h) is called an image 
of h and the elements h and i{h) are said to be related. The subset H,^g-st 
consists of the preimages of those elements of H that are related to strongly- 
regular semi-simple elements of G. 

In fact, as pointed out in IIKS12I , there are four different ways to normalize the 
relative transfer factor, and these are called A, A', A^, A'^. We will work here 
with A, but our discussion applies equally well with trivial modifications to 
the other three versions. An absolute transfer factor is a function 

A[c,iUs ■■ H.^GsriF) X GsriF) ^ C, 

which is non-zero for any pair (7^, 5) of related elements, and has the property 

A[e,3]abs(73a,'5i) ■ A[e,3]abs(7a,2,'52)"^ = A[e,3](73a, ^1,73,2, (52) 

for any two pairs (73,1, Si) and (73.2, S2) of related elements. In contrast to the 
case of A[e,3], a function A[e,3]abs ^s above is not unique. The condition im- 
posed on it specifies it only up to multiplication by a complex scalar in the unit 
circle. A normalization of A[e, 3]abs can be specified by either choosing a split- 
ting for G 1LS871 §3.7], or by choosing a Whittaker datum for G IlKsfgl §5.3]. 
However, since G' is not quasi-split, these normalizations are not available for 
the absolute transfer factor A[e,3,^]abs corresponding to the relative transfer 
factor A[e, 3, ^]. However, using the rigid inner twist {£,, z) and the refinement 
e of c, we can obtain from any fixed normalization of A[e, 3]abs a corresponding 
normalization of A[e,3,^]abs- We do this following the recipe of IKallli §2.2] 
but using the rigid inner twists developed here. 

Let d' e G',^{F) and 73 e H,^{F) be related elements. Let 7 e H{F) be the 
image of 73 under the map H.^ — ;■ H. By IIKot82l Cor 2.2] there exists S G Gsi{F) 
stably-conjugate to S'. Let S^ be the centralizer of 7 and S be the centralizer 
of S. There exists a unique admissible isomorphism 0^ ,5 : S^ — > S carrying 7 
to S. This isomorphism identifies the embedded copies of Z into both tori and 
induces an isomorphism 0^ 5 : S^ -^ S. Composing the dual of the inverse 



39 



of this isomorphism with the embedding Z{H)^ — > S^ we obtain from^ s an 
element s^^s £ S . We put 

A[e,3,e,^]abs(x„'5') = A[e,3]abs(73,5)-(inv(5,J'),s^,5)-^ (6.1) 

where the pairing () is the one from Corollary 16.41 appUed to G = 5. 

Proposition 6.5. The value of A[k,^,^,z]{'^,,6') does not depend on the choice of 
5, and the function A[e,3,^, z] is an absolute transfer factor. Moreover, the function 
A[e, 3, i, z] does not change if we replace e by an isomorphic refined endoscopic datum, 
or if we replace (^, z) by an isomorphic rigid inner twist. 

Proof. We begin by showing independence of 5. Let ^o £ GsiiF) be another 
element stably conjugate to 6'. Then S and 6o are also stably-conjugate, and if 
go G G(F) is such that Ad(5o)^o = S, then we have lLS87l §3.4] 

A[e,3]abs(73>'5) = A[e,3]abs(73.'5o) • {mv{6o,6),s^,s„)~\ 

Hereinv((5o,(5) is the class of ct h- .g(7^cr(.go) ini7^(r,5o), withS'o the centralizer 
of 6o, and s-y^So £ Sq is the image of s under the composition of the inclusion 
Z{H)^ — > [S'^]'" and the inverse of the dual of the admissible isomorphism 
(j)-y,So ■ S^ '^ "5*0 carrying 7 to 5q. The pairing (} is the usual Tate-Nakayama 
pairing. By Corollary 15. 121 we have 

{inv {60, 6), Sy^So) = (inv((5o,(5),s^,5„), 

where on the right we are using the pairing of Corollary 16.41 Now consider 
(inv((5, S'), s^^s)- The functoriality of the pairing implies that if we transport 

mv{S,6') to H^{u -^ W,Z -^ 5o) and Sj^s to So using the isomorphism 
Ad(.go) : "So — > S* and pair them afterwards, we will obtain the same result. 

The image of s^^s in So is equal to s^^So- If 9 £ C!{F) is the element with S' = 
£,{gSg^^), then inv(i5, S') is represented by the 1-cocycle w i-> g^^ z{w)w{g) and 
its image in H^(u — )- W^, Z — )- 5*0) is represented by the 1-cocycle .(7(7^g~^2:(w)u'(g)5o. 
It follows that the product (inv((5o, 5), Sj^Sg) ' (iriv((5, 6'), Sjj) is equal to the pair- 
ing of Sj^Sg with the product 

9o^g~^z{w)w{g)go ■ go^w{go) 

and this represents inv((5o, 5'). We conclude 

(inv((5o,(5),S7.5o> • (inv((5, (5'), 5^,,^) = (inv((5o,(5'), 57,^0) 

and this completes the proof of independence of the choice of 5. 

The invariance under isomorphisms of rigid inner twists follows immediately 
from Fact l6.2l For the invariance under isomorphisms of the refined endoscopic 
datum, say g G G is an isomorphism from e = {H, H, s, r}) to e' = {H' , H' , s' , -q'). 
Write p : H ^f H' for the isomorphism induced by Ad{g), and write /3 : H' — > 
H for an isomorphism defined over F and dual to /? (/? is determined up to 
77(F)-conjugacy, and the particular choice is irrelevant). We let H', be the ex- 
tension of H' obtained by composing the map if, — > H with with 13^^ , and 
set 

3' = (i/;,r;3or;-ioAd(.g-i)o,/). 
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The second component of }' make sense, because ry is injective and its image 
is equal to the image of Ad(g~^) o ?/. Now 3' is a z-pair for e' and we want to 
show that for any 7, e H[ (F) = H. (F) and 6' e G'JF) we have 

For this we choose S G Gst{F) stably-conjugate to 6'. Arthur states in IArt06[ 
§3] that 

A[e',3'](73,'5) = A[e,3](73,'5), 

(the contribution (c{z{a)) is trivial because G is quasi-split) so our job is re- 
duced to showing that 

(inv((5,J'):'S/?(7'),<5) = (inv(J,(5'),Sy,5)- 

Here 7' e H'{F) is the image of 7^ e H',{F) under the map H', — s> H'. If we 
let 7 G H{F) be the image of 7^ under the map i7j — ;■ i7, then /^(7') = 7, and 

0^/5 = 0^ ,5 o /3. Since /3(.s) = s' in 7ro(Z(_ff')+), we see that sg^^/) ,5 = s^^s in 
7ro(S' ) and the proof is complete. 

We now proceed to show that A [e, 3, ^, z]abs is indeed an absolute transfer factor. 
This amounts to showing that for two pairs (73.1, (5'i) and (73.2,(52) of related 
elements we have 

A[e,3,C,^]abs(734,'5'i)-A[e,3,e,^]abs(73,2,<52)"' = A[e,3,e](73.i,'5'i,73,2,<5i). 

By construction, this amounts to choosing 5i,52 G G{F) such that 5i is stably 
conjugate to S'^ and 82 is stably conjugate to 82 and showing that 

(inv((?i,'?i),57i,'?i)~^ ^ A[3,e,C](73,i,'^i,73,2,'5^) 
(inv((52, (5^), 5^2,52)-! A[3,e](73a, ^1,73,2, ^2) 

Applying ILS87[ Lemma 4. 2. A], we see that the right hand side is equal to 

This object is constructed in ILS87[ §3.4] and we will now recall its construction. 
We let 5/^ be the centralizer of 7^ in H, Si the centralizer of 5i in G, and S'^ 
the centralizer of S'l in G". We fix gi G Gsc with ^{giStg^^) = 5^. We fix an 
arbitrary 1-cochain w : F — > Gsc with the property ^~^cr(^) = Ad(uo-), and 
form the 1-cochains Vi{a) ~ g^^u{a)a{gi). Then Vi takes values in Si^sc arid 
its differential takes values in Z{Gsc)- Moreover, dvi = dv2, so if we form the 
torus U — Si^sc X S2,sc/Z{Gsc), where Z{Gsc) is embedded into the product by 
z I-7- (z, z^^), the 1-cochain F — !► t/, ct t-> [vi{a)~^,V2{(T)) is in fact a 1-cocycle. 
We denote its class by 

To explain su, consider the admissible isomorphisms i'^^^s^ ■ S^ -^ Si. Let 
s-y^^s- G Sf be the image of s under the composition of the natural inclusion 
Z{H)^ ^ sf with 0~.^5.. We choose an arbitrary lift s^^^Si & [Si]sc of the 
image of s^^^s^ in [Si\\^ and set s^^,s^ = 'i>S2.Si{s'iuSi) ^ ['5'2]sc- Since 4>s2,Si 
is F-equivariant, it identifies the differentials of .5-^^,5, G G°(r, [S^Jsc)- These 
differentials however belong to Z(Gsc) and we therefore conclude that they 
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are equal. It follows that the image su of {s.yi^Si,s^2^s2) irt the quotient U of 
[Si]sc X ['S'2]sc by the image of Z{G sc) under the diagonal embedding belongs to 
U^ . One checks that U is the dual torus to U and thus the element su can be 
paired with the element inv{'^i,S'i/^2, ^2) using Tate-Nakayama duality. 

Let us now prove the quality 

(inv(52,'5^),S72,fe)^^ \ V72,^2/ ^/ ' 

We begin by forming the torus V ^ Si x S2/Z{G), where Z{G) is embedded 
into 5*1 X 5*2 via z h> (z, z~^). The homomorphism 5i x 6*2 — > V" defines the 
morphism [Z x Z ^ Si x S2] ^ [Z x Z/Z -^ V] in the category T. We claim 
that the image in H'^{u^W,Z x Z/Z -^ V) of the element 

(inv(5i,(5;)-\inv(52,(5^)) S H'^{u^W,Z x Z ^ Si x S2) 

under that morphism belongs to 7J^(r, V). Indeed, the restriction maps H^{u -^ 
W,Z —^ Si) -^ Hom(Moo,^)'" factor as the composition of H^{u ^ W,Z ^ 
Si) -^ H\u ^ W,Z ^ G) and the restriction H^{u ^ W,Z ^ G) -^ 
Hom(Moo, ■^)'"/ and the images of \nv{6i,5[) in H^{u -^ W,Z ^ G) are both 
equal to the class of the rigidifying element z, so the claim follows from the 
exact sequence l |4.10t . 

We also have a homomorphism U ^^ V and we claim that the image of the 
element inv(7i, 5^/72, ^2) ^ H^i^i U) in H^{T, V) is equal to the image of the 
element (inv((5i,(55^)^^,inv((52,'52)). For this, we choose an object { G X{Z x 
Z ^ Si X S2) and use the isomorphism H^{ut -^ Wt) ^^ H^{u -^ W) of 
Proposition 14.81 From the rigidifying element z G Z^{ut — > Wi,Z -^ G) we 
obtain the 1-cochain T ^ G,a ^ z{lM a), well-defined up to ^^(r, Z). We fix 
a representative in this B^(r, Z)-class and decompose it as z{(t) = ■S(cr) • x{(7) 
withu((7) G Gder arid.T(cr) G Z{G). Fix aliftu((T) G GscOiu{a). By construction 
then 

'^) = {{9i'u{a)a{g))~\{g-^u{a)a{g))). 

The image in V of this 1-cochain is equal to {{g^^ z{a)a{g))^^ , {g2^z{a)a{g))), 
which is indeed the image of {mv{Si, 5[)~-'- ,mv{S2, 62)), as claimed. 

According to the functoriality of the pairings of Tate-Nakayama and of Corol- 
lary 16.41 as well as their compatibility expressed in Corollary 15.71 the equal- 
ity (|6.2b will be established once we produce an element of V whose im- 
age in 51 X 5*2 is equal to (s^j.^j, s^^,^^) and whose image in U maps to 

sjj under the isogeny U -^ U^ . Here we have formed U from the object 

[Z[Gsc) ^U]eT. 

We must first understand the tori V and V. For this we use a trick of Kottwitz- 
Shelstad from IKS99I §4.4]. The admissible isomorphism 0,52,^1 : 5*2 — >• 5*1 is 
defined over F and using it we can form the map 

/ : 5"! X 5*2 ^ 5i X S2, (si,S2) ^ (si0d-2,<5i(s2),S2). 

This is an isomorphism of algebraic tori defined over F. The transport of the 
F-action from its source to its target is given by 

foaof (ii,t2) = (cr(ti),cr(i2))-^- 77^' 1 

V '^<PS2,Si[t2) 
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We obtain the commutative diagram^ 

U ^V- 



Si X ^2 



(6.3) 



'S'l.sc X 'S'2,ad 



■SiXS; 



2, ad ■ 



Si X 52 



where all vertical arrows are isomorphisms induced by /, and all horizontal 
arrows are the natural componentwise arrows. The dual diagram is then 



U^ 



V ■ 



-^SiXS2 



(6.4) 



\SlU X \S2\sc ^1 X \S2\sc ^1 X ^2 

The left vertical isomorphism sends (.si,s2) G [5'i]adX [S'2]sc to (si, (/)52^5i(si)s2) G 
[S'ljsc X [52]sc/^(Gsc) = V , where s\ G [S'i]sc is any lift of s\. The right isomor- 
phism is given by (si, S2) ^^ (si, '/'<52.(5i ('Si)s2) and transports the T-action on 
its target to the twisted F-action on its source given by /^^ o a o /(si, .S2) = 

Under the middle vertical isomorphism of I I6.3I I, Z x ZjZ — ^ y is identified with 
Z ^f S\X. S'2,ad where Z is embedded into S\. Thus we obtain the commutative 
diagram 



V ^ 



V ■ 



-^SlXS2 



[Sl]sc X [S2]s 



[Si]sc X Z(G)° X [S 



2jsc ■ 



[Si]sc X Z(G)° X [52]sc X Z{Gy 



where the bottom arrows are given by (si, S2) <—! (si, z, S2) and (si, z, S2) 1— >■ 

(S1,Z,S2,1). 

We will now show that there exists sy 'E V which maps to (s7i,<5i, 572,152) ^ 

§1 X §2 and to S(7 in t/'". The right vertical isomorphism sends (si, zi,s2, -22) 
to {sizi,4>s2,Siisizi)s2Z2). By construction, we have s^^.^^ = 4'S2,Si{sji,Si) and 
hence the preimage of (s^j^^i, S72,<52) under that isomorphism is equal to (si,zi, 1, 1), 

with sizi ~ s^j^^Si being the decomposition according to Si ~ [Si]sc x Z{G)°. 
Thus if we let sy be the image of (si, zi, 1) under the middle vertical isomor- 

phism, then sy does indeed map to (s7i,5i, S72,i52)- To show that sy &V , we 
must argue that [s^^ ^Si , 1) £ 5*1 x [S'2]sc is fixed under the twisted action of F for 
which the middle vertical isomorphism of ll6.4b is F-equivariant. This amounts 
to showing that acps^ ,Si (S71 ,5i ) = 4'S2 ,5i (^(^71 ,5i)) for all cr e F, and this follows 
froms^j^^j G 5|, 572,52 G 5^ and052,5i(s7i,(5i) = 572, 52- Finally, since si e [5'ijsc 
is a preimage of the image of s^^^Si in [5i]ad/ we see that sy maps to su £ U^ ■ 

D 
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6.3 Structure of i-packets and endoscopic transfer 

The discussion of the previous section suggests a way to phrase the conjec- 
tural local Langlands correspondence for an arbitrary connected reductive p- 
adic group in an unambiguous way Let G again be a connected reductive al- 
gebraic group defined and quasi-split over F, and let Z be the center of its 
derived subgroup. By a representation of a rigid inner twist of G we will 
mean a quadruple {G',£,,z,tt), where {£,,z) : G ^- G' is a rigid inner twist 
and IT is an irreducible admissible representation of G'(F). By an isomorphism 
/ : (Gi,^i,zi,7ri) -^ {G2,£,2,Z2,T^2) we mean an isomorphism / from (^i,zi) to 
{£,2, Z2) such that the representations 7r2 o / and tti are isomorphic. According 
to Fact l6.1i two representations (G', ^, z, tti) and (G', ^, z, 712) of the same rigid 
inner twist are isomorphic if and only if tti and 112 differ by an inner automor- 
phism by an element of G'{F). 

Fix a Whittaker datum ro = {B, t/j) for G. Given a tempered Langlands param- 
eter if : Wf X SU2 -> ^G, we write S^^ = Cent((^, G) and let S^ be the preimage 

of S^ in G. Then Z{G)^ c 5*+. We expect that for each (p there is a finite set 11^ 
of isomorphism classes of tempered representations of rigid inner twists of G 
and a commutative diagram 



Irr(7ro(5+)) H, 



V 



X*{tto{Z{G)+)) ^ H^{u -^W,Z ^G) 

in which the top horizontal arrow is a bijection, the bottom horizontal arrow is 
given by the perfect pairing of Corollary 16.41 the left vertical arrow assigns to 
each irreducible representation (the restriction of) its central character, and the 
right vertical arrow sends a quadruple (G', ^, z, tt) to the class of z. In accor- 
dance with Shahidi's tempered L-packet conjecture IISh90[ §9] we expect that 
n^ contains a unique element (G, id, 1, tt) such that tt is tr-generic and that the 
top horizontal arrow sends the trivial representation to that constituent. 

If we fix a rigid inner twist {S,,z) : G — ;■ G', the elements of li^p over the class of z 
constitute the L-packet on G'{F) corresponding to f. This set should be empty 
precisely when Lp is not G' -relevant. When G is split. Corollary 14.111 implies 
that every inner twist £, : G ^ G' can be rigidified in exactly one way. Thus, 
the L-packet of each inner twist of G appears exactly once in the compound 
L-packet 11;^ . If G is not split, then there are multiple ways to rigidity an inner 
twist ^ : G ^ G'. We expect that the corresponding subsets of 11^ contain 
the same representations. However, there is no canonical way to fix bijections 
between these sets. 

We expect that for a fixed rigid inner twist (^, z) : G ^ G', the virtual character 

^'^v,i,z = Yl dini(p)et„(p) 

peIrr(7ro(Sj)) 

is a stable function on G'{F) and is independent of tr. Furthermore, for any 
semi-simple element s e 5*+, put 

%,r.A,. = E tr(p(s))e,„(,). 

pGlrr(7ro(Sj)) 
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The element s determines a refined endoscopic datum e = {H, Ti, s, r/) just as 
an element s € S^p determines a usual endoscopic datum: We let s be the im- 
age in S^ of s, take H = 0°, andn ^ H ■ ipiWp), and let rj : H ^ ^G be 
the natural inclusion. By construction the image of (p is contained in T-L and 
taking a z-pair 3 = {H^ , 773) for e we obtain the tempered Langlands-parameter 
ip^ — rjz o (p. Let A[e,3,tti] be the Whittaker normalization of the endoscopic 
transfer factor IKS99[ §5.3] corresponding to the Whittaker datxim ro. Using 
the formula eqrefeq:tf and Proposition 16.51 we obtain a corresponding normal- 
ization, let's call it A[e, 3, ir, ^, z] : iJ, (F) x G'^^{F) -^ C, of the transfer factor 
for the group G'. We then expect that if f^ and / are smooth compactly sup- 
ported functions on H^{F) and G'{F) respectively, whose orbital integrals are 
A[e, 3, ro, C, 2;]-matching IIKS991 §5.5], then we have 
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